ON THE ARITHMETIC OF THE BC-SYSTEM 



ALAIN CONNES AND CATERINA CONSANI 



Abstract. For each prime p and each embedding cr of the multiplicative group 
of an algebraic closure of Fp as complex roots of unity, we construct a p-adic 
indecomposable representation Tr^ of the integral BC-system as additive endo- 
morphisms of the big Witt ring of Fp. The obtained representations are the 
p-adic analogues of the complex, extremal KMSoo states of the BC-system. 
The role of the Riemann zeta function, as partition function of the BC-system 
over C is replaced, in the p-adic case, by the p-adic L-functions and the poly- 
logarithms whose values at roots of unity encode the KMS states. We use 
Iwasawa theory to extend the KMS theory to a covering of the completion Cp 
of an algebraic closure of Qp. We show that our previous work on the hyper- 
ring structure of the adele class space, combines with p-adic analysis to refine 
the space of valuations on the cyclotomic extension of Q as a noncommuta- 
tive space intimately related to the integral BC-system and whose arithmetic 
geometry comes close to fulfill the expectations of the "arithmetic site". Fi- 
nally, we explain how the integral BC-system appears naturally also in de Smit 
and Lenstra construction of the standard model of Fp which singles out the 
subsystem associated to the Z-extension of Q. 
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1. Introduction 



This paper describes several arithmetic properties of the BC-system, showing new 
and interesting connections with the theory of Witt vectors over the algebraic clo- 
sure of finite fields and with p-adic analysis. 

The BC-system is a system of quantum statistical mechanics defined by a noncom- 
mutative Hecke algebra of double classes in P~^{Q) with respect to the subgroup 
P+(Z), where P C GL2 is the "ax -I- &" algebraic group (c/. [H H]). The complex 
Hecke algebra Tic of the system has a highly non-trivial structure since its regu- 
lar representation, in the Hilbert space of one sided classes, generates a factor of 
type nil and a canonical "time evolution" at G Aut('Hc). The study of the KMS- 
equilibrium states at different temperatures has revealed the arithmetic nature of 
this dynamical system in view of the following facts 

• The partition function of the system is the Riemann zeta function 

• There is a phase transition with spontaneous symmetry breaking at the pole of 
zeta function 

• The zero temperature vacuum states implement the global class field isomorphism 
for Q. 

The study of the BC-system inaugurated the interplay between number-theory 
and noncommutativc geometry. It is exactly the noncommutativity of the Hecke 
algebra of the system which generates its non-trivial dynamics. Moreover, on the 
noncommutativc space of adeles classes Aq/Q*, which is naturally associated to 
the type II dual of the BC-system, one obtains the spectral realization of zeros 
of L-functions and the trace formula interpretation of the Riemann- Weil explicit 
formulas (c/. [7]). 

Further study (c/. [15]) has shown that the integral Hecke algebra Hz = Z[Q/Z] xi N 
supplies an integral model to the BC-system. The endomorphisms (7„(e(r)) = 
e{nr), n G N act on the canonical generators e(r) £ Z[Q/Z], for r e Q/Z and have 
natural linear quasi-inverses 



which are used in the construction of the crossed product and in the presentation 
of the algebra. 

In this paper we establish, for each prime p, a strong relation connecting the integral 
BC-system and the universal Witt ring Wo(f'p) of an algebraic closure of a prime 
field. The Witt construction is in fact considered in the following three different 
forms 

— as a i^T-theory endofunctor A 1-^ Wo (A) = Kn( End j^)/Kri(A). in the category of 
commutative rings (with unit) 

- as the big Witt ring W(A) 




(1) 



717—7 
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— as the functor A i-> Wpoc [A) , for A of characteristic p. 

In the first two cases, the key structures are provided by the foUowing operators 

— the Teichmiincr muhiphcativc hft t : A ^ Wo (A) 

— the Frobenius endoniorphisms Fn : Wo(A) Wo{A), n G N 

— the Verschiebung additive functorial maps Vn : Wo (A) Wo (A), n E N 

— the n-th ghost components gh„ : Wo(A) A, n £ N. 

These basic operators extend from the universal ring Wo(A) to its completion W{A) 
whose elements are expressed by Witt vectors, in terms of which all the algebraic 
operations can be defined in terms of polynomials with integral coefficients. This 
integrality property encodes a rich and deep arithmetical information. Moreover, 
the ring structure restricts to divisor stable subsets of N yielding, for the set of 
powers of a prime p, the functor Wptxj . 

In Proposition l4.4l and Theorem l4.5l we prove that the p-primary structure of the in- 
tegral BC-system is completely encoded by the universal ring Wo(f'p), with a precise 
dictionary expressing the key operators a„ and p„ of the BC-system as respectively 
the Frobenius F„ and Verschiebung Vn on Wo(Fp). The isomorphism connecting 
these algebraic structures depends upon the choice of a group isomorphism of the 
multiplicative group of Fj, with the group of complex roots of unity of order prime 
to p: the ambiguity inherent to this choice is the same as that pertaining to the 
construction of Braucr lift of characters. 

The completion process associated to the inclusion Wo (A) C W(y4) with dense im- 
age, is then used in Theorem 16.41 to obtain, when A = ¥p and for each injective 
group homomorphism a : — ^ C^, a p-adic indecomposable representation tt^ of 
the integral BC-system as additive endomorphisms of the big Witt ring W(Fp). The 
construction uses the identification proven in Theorem 14 . 5 1 and the implementation 
of the Artin-Hasse exponentials. These representations are the p-adic analogues of 
the complex, extremal KMSoo states of the BC-system. In Section [7] this analogy is 
pursued much further. By implementing the theory of p-adic L-functions, we con- 
struct an analogue, in the p-adic case, of the partition function and of the KMS^ 
states. In particular, we show that the division relations for the p-adic polyloga- 
rithms at roots of unity correspond to the KMS condition. In fJ73] we prove that 
the definition of the functionals satisfying such condition extends from the standard 
"extended s-disk" to the natural multiplicative group covering of Cp. These results 
are the p-adic counterparts of the statements proven in |17] for function fields. How- 
ever, we also recognize an important difference with respect to the complex case, 
namely the presence of an added symmetry at non-zero temperature, due to the 
invariance of the states under the natural involution of Q^'^'^ which replaces each 
root of unity by its inverse. This added symmetry is a consequence of the vanishing 
of the p-adic i-functions associated to odd Dirichlet characters. 
For p a prime number, the set Xp of all injective group homomorphisms ct : — >■ 
Q/Z is the parameter space for the p-adic representations of the integral BC-system. 
In Section [HI we relate this set with the space Valp(Q'^^'^) of extensions of the p-adic 
valuation to the maximal abclian field extension Q^y^ of Q. We view Q'^'^^' as an 
abstract field defined as the quotient of the group ring Q[Q/Z] by the cyclotomic 
ideal (c/. Definition EH) . Let (Q/Z)(p) be the subgroup of Q/Z of fractions with 
denominator prime to p and let Q'^'^^^p be the subfield {i.e. the inertia subfield) of 
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Qcyc generated by the group /i'?'' ^ (Q/Z)'?"' of roots of unity of order prime to p. 
We describe canonical isomorphisms of Valp(Q'^y'^) with each of the foUowing spaces 

(1) The space of sequences of irreducible polynomials Pn{T) € ^p[T], n € N, 
fulfilling the basic conditions of the Conway polynomials (c/. Theorem 18. 7p . 

(2) The space Sp of bijections of the monoid M.{p) = ^jf^^^ U {0} commuting with 
their conjugates, as in Definition 18.51 icf. Proposition 18. 8p . 

(3) The space Hom(Qp^'^'^, Qp) of field homomorphisms, where Qp^'^'^ C Q^^^'^ is 
the decomposition subfield, i.e. the fixed field under the Frobenius automorphism 
(c/. Proposition 18. 12p . 

(4) The quotient of the space Xp by the action of Gal(Fp) (c/. Proposition 18 . 14p . 

(5) The algebraic spectrum of the quotient algebra Fp[(Q/Z)(P^]/ Jp, where Jp is 
the reduction modulo p of the cyclotomic ideal (c/. Definition 18.11 and Proposition 

For a global field K of positive characteristic (i.e. a function field associated to a 
projective, non-singular curve over a finite field F^) it is a well known fact that 
the space of valuations of the maximal abelian extension K'^^ of K has a geometric 
meaning. In fact, for each finite extension E oi¥q®r^ K C K^*^, the space Y&\{E) of 
(discrete) valuations of E is an algebraic, onc-dimensional scheme whose non-empty 
open sets are the complements of the finite subsets F C Va\{E). The structure sheaf 
is locally defined by the intersection R of the valuation rings inside E. Then 
the space Va^K'^'^) is the projective limit of the schemes Val(i?), E C K^'^. 
For the global field K = Q of rational numbers, one can consider its maximal 
abelian extension Q'^J"^ as an abstract field and try to follow a similar idea. In 
SectionlU we show however that the space Val(Q'^y'^) provides only a rough analogue, 
in characteristic zero, of Va^K'^^). Our approach to this problem is guided and 
motivated by the following three results contained in our previous work 

(a) The adelic interpretation of the loop groupoid Iif^{X)' of the abelian cover of 
the algebraic curve X associated to a function field (c/. [I3j and S 19. 1|) 

(6) The determination of the counting function N{q) (a distribution on [l,oo)) 
which replaces, for K = Q, the classical Weil counting function for a function field 
(c/. [TT] and S IOI) 

(c) The interpretation of the counting function N{q) as an intersection number, 
using the action of the idele class group on the adele class space (c/. [I4]). 

By applying these results we find that the sought for geometric fiber over a non- 
archimedean, rational prime p is the total space of a principal bundle, with base 
Valp(Q'^^'^) and structure group given by a connected, compact solenoid S whose 
definition is given in Proposition 19.21 Then, in Proposition 19.31 we derive a natural 
construction for the fiber as the mapping torus Yp of the action of the Frobenius 
on the space Xp. In Section 19.31 'we consider the fiber Yrx, over the archimedean 
prime, with the implementation of the theory of multiplicative norms. 
The interpretation given in (c) for the counting function as intersection number 
shows that the fibers Yp should not be considered in isolation, but as being part of 
an ambient noncommutative space which is responsible for the transversality factors 
due to the archimedean contribution to the explicit formulas. This interpretation 
is explained in details in Section |931 
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In Section [9.51 wc show that the integral BC-systcm gives, for each p (including the 
archimedean prime), a natural embedding of the fiber Yp into a noncommutative 
space constructed using the set £{<Cp) of the Cp-rational points of the affine group 
scheme £ which defines the abelian part of the system (c/. [TS]). Here Cp denotes 
the p-adic completion of an algebraic closure of Qp. This result shows that the 
space 

X{Cp) := (f (Cp) X (0, oo)) /(N x {±1}) (2) 
matches, for any rational prime p including p = oo, the definition of the adcle class 
space. In Proposition 19.51 we show, using the fact that £ is a group scheme, that 
X{Cp) is a free module of rank one over the hyperring Hq of the adele classes. The 
problem of a correct interpretation of the connected factor (0,cx)) in ([2|) remains 
open. 

It is a general principle that in our constructions the noncommutative spaces 
arise as X{A) for a commutative ring A {cf. ([2|)), while the classical subspaces 
of X{A) are defined as the support of the cyclotomic ideal (in the affine scheme 
£ = Spec (Z[Q/Z])). 

We end the paper by showing in Section [10] the relevance of the recent work of 
B. de Smit and H. Lenstra {cf. [TH]) on the "standard model" for the algebraic 
closure of a finite field. When K is a function field, the intermediate extension 
K C L ~ ¥q K C K'^^ plays an important geometric role, namely the extension 
of scalars to an algebraically closed field, for the algebraic curve associated to K. 
When K = Q, we show that the intermediate extension Q C Q^'^' C Q'^^'^ used by 
de Smit and Lenstra, comes very close to fulfill the expected properties for a similar 
intermediate extension Q C £ C Q'^'"^. Their construction provides a conceptual 
construction of the subfield of Fp union of all extensions whose degree is prime to 
p. In the very last part of the paper we recall one of the first applications provided 
by E. Witt of his functor, which is a conceptual construction of the missing piece 
Uti ^pp" I^pi using the simple equation XP = X + 1 in Witt vectors. 

2. The functor Wq 

In this section we recall the definition and the main properties of the universal ring 
Wo (A), where A is any commutative ring with unit. We refer to [1] to read more 
details. The second part of the section describes Wo(fc), for an algebraically closed 
field k. 

One lets End 4 (or End 'P{A)) be the category of endomorphisms of projective A- 
modules of finite rank. The objects are pairs {E, f) where i? is a finite, projective 
A- module and / € End^(£^). The morphisms in this category are required to 
commute with the endomorphisms /. The following operations of direct sum and 
tensor product 

{Ei,h)(B{E2j2) = {Ei(BE2,h(Bf2), (-Bi, A)® (£^2, /2) = {Ei^E^Ji^h) (3) 

turn the Grothendieck group A'n( End 4) into a (commutative) ring. The pairs of 
the form {E, / = 0) generate the ideal A'o(A) C i^n( End 4). We denote the quotient 
ring by Wo (A) 

Wo(A)=iCo(End^)/A-o(A). (4) 

By construction, Wq is an endofunctor of the category IHing of commutative rings 
with unit. Several key operators and maps act on Wq, the following are the most 
relevant ones for our applications 
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(1) The Tcichniiillcr lift t : A ^ Wo{A) which is a multiplicative map. 

(2) For n G N, the Frobenius ring endomorphisms F„ : Wo(A) Wa{A). 

(3) For ri S N, the Vcrschicbung (shift) additive functorial maps Vn : Wo (A) 
Wo (A). 

(4) For n G N, the n-th ghost component homomorphisms gh„ : Wo (A) A. 
We shortly recall their definitions. 

(1) The TeichmiiUer lift t ^ [■] : A ^ Wo(A) is defined as / r(/) = [/] = (A, /). 

(2) For n G N, the operations in End 4 of raising an endomorphism / to the rt-th 
power induce the Frobenius ring endomorphims in Wo(^) 

F„ : Wo {A) ^ Wo (A) , F^{E,f) = {E, /") . (5) 

(3) For n S N, the Verschiebung maps are defined by the following operations on 



matrices 



K : Wo (^) ^ Wo ( A) , K {EJ) = (E^ 







(4) For n G N, the ghost components are given by 

gh„ : Wo{A) ^ A, ghjE, f) = Trace(r) 



)• (6) 



(7) 



Let A{A) := 1 + be the multiplicative abelian group of formal power series 

with constant term 1. The (inverse of the) characteristic polynomial defines a 
homomorphism of abelian groups 

L:Wo{A)^A{A), L{E, f) = dct{l ^ tM{f))-^ (8) 

where M{f) = (aij) is the matrix associated to f : E E {i.e. f O 

X* e E*,Xi € E, Qij = {x*,Xj)). By a fundamental result of G. Almkvist ([1] 

Theorem 6.4 or [2] Main Theorem), one has 

Theorem 2.1. The map L is injective and its image is the subgroup of A(A) 

Rangc(L) = {(1 + ait + . . . + a„t")/(l + 6it + . . . + &„t") | aj,bj e A}. (9) 

Note in particular that for E a finite, projective A- module and f,gG EndA{E) one 
has 

iEJg)^{E,gf)eWoiA). (10) 

One also has 

Vnm = Vn O = O K , Km = K ° ^ Fm O F„ . (11) 

The following proposition collects together several standard equations connecting 
these operators 

Proposition 2.2. Let A be a commutative ring and x,y € Wo(j4). The following 
hold 

(1) Fn o Vn{x) = nx. 

(2) Vn{F„{x)y)=xVniy). 
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(3) // n) ^l,V^o F„ - Fn o V^. 

(4) For neN, Vn{x)Vn{y) = nVn{xy). 

(5) ForneN, F„(r(/)) T(r). 

(6) For n,men, gKiFmif)) = gh„„(/). 

U otherwise. 



Proof. All proofs arc straightforward, we just check (4) as an example. For x € 
Endyi(i?), the action of X = Vn{E,x) on vectors ^ = (^i, . . . ,^„) S i?®" is given 

by 

{XOi = x^n , {XO, = , Vj, 2 < J < n. 
Similar formulas hold for Y = Vn{F, y), for y g EndA(-F)- By definition, Vn{x)Vn{y) 
corresponds to X F e EndA(£'®" <K) F®"). This endomorphism decomposes as 
the direct sum of n endomorphisms of {E (g) i^)®", each of these is of the form 






l(E)y 




1 



a; (K) 1 







or 







1 



x®y 







By applying one checks that each of the above endomorphisms is equivalent 
to Vn{x ® y). The equality Vn{x)Vn{y) = nVn{xy) follows. □ 



Wc shall apply the following proposition to the case A 
closure of F.„ . 



an algebraic 



Proposition 2.3. Let k be an algebraically closed field. Then the map which as- 
sociates to {E,f) € End J. the divisor S{f) of non-zero eigenvalues of f (with mul- 
tiplicity taken into account) extends to a ring isomorphism 

(5: Wo(fc)^Z[fc^]. (12) 

Under the above isomorphism, the Frohenius F^ on Wo(fc) is given on Z[fc^] by the 
natural linearization of the group endomorphism k^ — > fc^, g t-^ g" . 

Proof. By applying Theorem 12.11 the characteristic polynomial extends to a com- 
plete invariant on j^Tnf End /,) and to an isomorphism of i^Tnf End ^.) with the ring of 
quotients of monic polynomials in k[t]. Moding out this ring by Ko{k) means that 
one removes the powers of the variable. Thus the divisor of non-zero eigenvalues of 
/ extends to define a bijection of sets Wo(fc) ~ Z[fc^]. 

It remains to check that this bijection preserves the ring operations. For addition, 
the set underlying the divisor 5{ fi + f2) is the disjoint union of the two sets of roots 
of fj and hence 6{fi + /2) — <5(/i) + 5{f2). For the product, it is enough and easy 
to check that the tensor product of two rank one elements (fc, a) ® (k, b) is given by 
(fc, ab) for non-zero elements of k. The statement about F„ is checked in the same 
way using (O on elements {k,a). □ 

We recall the following formula for £(/) in terms of the divisor 6{f) = n{a)[a] £ 

L{f)=l[{l-at)--('^\ (13) 
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Corollary 2.4. For any given isomorphism a : 

^ (Q/Z)(P) of the multiplica- 
tive group of the algebraic closure Fp with the subgroup (Q/Z)^^-' C Q/Z of fractions 
with denominator prime to p, one derives an isomorphism 

a: Wo(Fp) ^Z[(Q/Z)(P)]. (14) 

Under the isomorphism a, the Frobenius Fn o/Wo(Fp) is given on Z[(Q/Z)^^''] by 
the natural linearization of the group endomorphism (Q/'Z)^^^ — > (Q/Z)^^^, g i— > 
(i.e. 7 i~7> nj in additive notation). 

3. The integral BC-system 

For each n g N, one defines group ring endomorphisms 

a„ : Z[Q/Z] ^ Z[Q/Z], a„(e(7)) = e{n^) 

and the following additive maps 

Pn : Z[Q/Z] ^ Z[Q/Z], Pn{e{j)) = ^ 6(7')- (15) 

717'— 7 

We recall from [T5], Proposition 4.4, the following result 

Proposition 3.1. The endomorphisms cr„ and the maps pm fulfill the following 
relations 

CTnm = 0-„a„i , /5,„„ = PmPn , V7TI, n G N (16) 

Pmi<Jm{x)y) = xpm{y) , Vcc, J/ G Z[Q/Z] (17) 

a,(p,(x)) = (6,c)pf,,(ae'(2;)), b' = b/{b,c), c'^c/{b,c), (18) 
where {b,c) = gcd{b^c). 

Note that taking & = c = n in (|18|) gives 

o-n(/5„(x)) = na;, Vx e Z[Q/Z]. (19) 
On the contrary, if we take h ~ n and c = m to be relatively prime we get 

CT„ O P,„ = p„ O (T„. (20) 

We recall from [IJ] (Definition 4.7 and §4.2) the following facts. The integral BC- 
algebra is the algebra 1-L% = Z[Q/Z] N generated by the group ring Z[Q/Z], and 
by the elements pn and /i* , with n G N, which satisfy the relations 

Pnxp*^ = pn{x) 

p*^x = cr„{x)p*„ (21) 

Xpn Mn^n('^)i 

where p,„, m G N is defined in ([15]), as well as the relations 

Pnrn = P-nPrn , Vn, 771 G N 

(22) 

<Mn = n 

A«/i^=MmAn (n,77l) = l. 



After tcnsoring by Q, the Hecke algebra Hq ~ Hz ®z Q has a simpler explicit pre- 
sentation with generators Hn{= '^P-n), Mi* i ^ G N arid e(r), for r E Q/Z, satisfying 
the relations 

• = 1, Vti e N, 

• /^nMm = MmMn, if (?^, w) = 1, 

• e(0) = 1, e(r)* e(-r), and e(r)e(s) = e(r + s), Vr, s £ Q/Z, 

• For all n e N and all r e Q/Z 

M«e(r)^; = - e(s). (23) 

ns—r 

After tensoring by C and completion one gets a C*-algebra with a natural time 
evolution at ([1], [H] Chapter III). The extremal KMS states below critical tem- 
perature vanish on the monomials fj.nXfJ-'^ for n ^ m and x € Q[Q/Z] and their 
value on Q[Q/Z] is given by 

-J oo 

'PpAeia/b)) = E ^~^P(Q,), (24) 

^^^^ n—l 

where p G Z* determines an embedding in C of the cyclotomic field Q'^^'^ generated 
by the abstract roots of unity. 

4. Wo(Fp) AND THE BC-SYSTEM 

In [53] Quillen makes use of the choice of an embedding 

a:¥^ (25) 

in the study of the algebraic K-theory of the general linear group over a finite 
field. In this section we compare the description of the universal Witt ring Wo(Fp), 
endowed with the structure given by the Frobenius endomorphisms Fn and the 
Verschiebung maps Vn with the integral BC-algcbra Hz- 

By a simple comparison process we notice that the relations ([T51) , ([T71) , holding 
on Hz are the same as those fulfilled by the Frobenius endomorphisms Fn and 
the Verschiebung maps Vn on Wo(Fp). More precisely, under the correspondences 
an Fn, Pn Vn thc two relations of correspond to (fT6|) . and the first three 
relations of Proposition 12.21 correspond respectively to (fT9|) . (fT7|) and ([20]) . These 
results evidently point out to the existence of a strong relation between thc (A)-ring 
Wo(Fp) and the group ring Z[Q/Z] endowed with thc aforementioned operators. 
Next, we compare the two groups rings: Z[(Q/Z)('''] and Z[Q/Z] which arise in the 
description of Wo(Fp) and in the construction of the BC-algebra respectively. One 
has a surjective group homomorpliism: Q/Z — > (Q/Z)'^'^ induced by the canonical 
factorization of the groups 

Q/Z = (Q/Z)(P) X Qp/Zp (26) 

where Qp/Zp is the group of fractions whose denominator is a power of p. Thus 
one obtains a corresponding factorization of thc rings 

Z[Q/Z] = Z[(Q/Z)(f)] (g,z Z[Qp/Zp]. (27) 
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By using the trivial representation of QpfZp (i.e. the augmentation e of Z[Qp/Zj,]), 
one gets a retraction r = id® e producing the sphtting 

Z[(Q/Z)(f)] A Z[Q/Z] Z[(Q/Z)(P)]. (28) 

Notice that (Q/Z)'^^') is preserved by the action of the map 7 1— > 717, 7 € (Q/Z)'^p)). 
This impHes that the endomorphisms cr„ acting on the BC-algebra restrict naturaUy 
to determine endomorphisms cr„ : Z[(Q/Z)(p)] ^ Z[(Q/Z)(p)]. 

Let us denote by I{p) C N the set of integers which are prime to p. The following 
lemma describes the projection of the operators p„ of the BC-algebra on the group 
ring Z[(Q/Z)(P)] 

Proposition 4.1. Let n = p^m, with m € /(p). For 7 S Q/Z, uie wriie modulo 1 
7=^ + 4, fee ^(P) , a, 6, c, s e N. (29) 



Then, with p„ as m (|15p we have 



r°Pn(e(7))-/E^(^^^) (30) 

tu=0 

where y ~ / G TijhraL, is the unique solution in Q/Z, wii/i denominator prime 
to p of the equation 

p'y - 7^ e Q/Z. (31) 

om 

Proof. The existence and uniqueness of the decomposition (|29p derives from the 
factorization (pS)) . For d S /(p), the endomorphism of Q/Z: a; 1— >■ pa; restricts to an 
automorphism on the subgroup = {| G Q/Z| a € Z} C Q/Z. For d = bm, this 
fact shows the existence and uniqueness of the solution J/ = of ((3T|) . One has 
p'"?/ — 1^ + j for some integer j e Z, thus 

a i a i a 
omp'^ p^ on p^ 
By applying (1261) , one also has a decomposition of the form 

' (32) 



np" mp^^'^ m 

One has ny = ^ modulo 1, ?T-;p? = thus the solutions of the equation 717' = 7 
in Q/Z which enter in (1151) are of the form 

7' = J/ + -4 + - + 4, w € {0,...,m- 1}, w € {0,...,p''^ - 1}. 

np'' m p'" 

By using ([32]) one derives 

7' = y+- + - + 4 + ^' {0,...,™- 1}, {0,...,p^-l}. 

m m p*^ pi+i. 

For the projection r(e(7')) G Z[(Q/Z)'^P^] one thus gets that 

r(e(7')) = e(y + -) - e{^-±^) , G {0, . . . , m - 1} 
m om 

which is repeated with multiplicity p^ . The equation (pO)) follows. □ 
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Corollary 4.2. One has 



r o p„(x) = ro pn{r{x)) , Vx G Z[Q/Z] , n e N. 



(33) 



ropp4x)^p''a-,^{r{x)), Vx £ Z[Q/Z], fceN. 
Proof. The two statements follow from ([50)) . 



(34) 
□ 



Definition 4.3. For p a prime number, we denote by Xp the space of all injective 
group homomorphisms cr : — > Q/Z. 

The relation between Wo(Fp) and the abelian part Z[Q/Z] of the integral BC- 
algebra "Hz is described by the following lemma 

Proposition 4.4. Let a G Xp and let a be the associated ring isomorphism 

b : Wo(Fp) ^ Z[(Q/Z)(P)] C Z[Q/Z]. 

Then the Frobenius Fn and Verschiebung maps Vn on Wo(Fp) are obtained by re- 
striction of the ring endomorphisms cr„ and the maps pn on Z[Q/Z] by the formulas 



(7 o F„ = (T„ o o- , a oVn = r o pno a. 



(35) 



Proof. In section [2] we recalled (c/. [19] for details) that the Frobenius Fn on Wo(A) 
is given by Fn{E, /) = {E, /"). At the level of the divisor of the eigenvalues of / (it 
is a divisor in the virtual case), i.e. at the level of the associated element in Z[fc^], 
A ^ k = ¥p, the Frobenius F^ corresponds to the group homomorphism g i— > (c/. 



Proposition [331) • The Verschiebung maps Vn are described by the operation ([Hj) on 
matrices. The maps Vn are additive and hence determined by the elements y„([Q;]) 
where a € . They correspond to the n eigenvalues of the following matrix 



Vn{a) = 



1 



Since the n-th power of the above matrix is the multiplication by a, all its eigenval- 
ues fulfill the equation /3" = a. In fact the characteristic polynomial of the above 
matrix is P{X) = X" — a. Let n ~ p'^m, where m is prime to p. Since ¥p is a 
perfect field, the root G ¥p of X^ — a is unique and it admits to distinct roots 
of order ?7i: /S™ = , which are the to roots of P{X). They take the form ^/3o, 
with ^"^ = 1. Thus the corresponding divisor is 



6^ E P'K/^o]- 



(36) 



We now compare the above description of the divisor associated to Vn{E,f) with 
r o Pn(e(7)), where 7 = a{a) = f G (Q/Z)(p) C Q/Z. The elements ^/3o € ¥p are 



the m distinct roots of the equation X" = a. Similarly, with the notations of ([30| . 
the elements 

f + wb 



bm 



Z)(P) C Q/Z, w e {0,...,m-l} 
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are the m solutions in (Q/Z)'^' of the equation nz = 7. One thus gets 



m — 1 



bm 

u)=U 

Thus ^ shows that 

a(Vni[a])) = a-((5) = ro Pn{e{l)) = r o p„ o a{[a]). 



□ 



Theorem 4.5. Let ct G Xp. The following formulas define a representation tto- of 
the integral BC-system "Hz as additive endomorphisms 0/ Wo(Fp) 

7ra(a;)C = CT~^(r(a;)) ^ , 7r^(^*) = F„ , 7r^(^„) = T4 (37) 

/or a/; ^ e Wo(Fp), x £ Z[Q/Z] and n G N. 

Proof. By construction x' 1— > (T~^(r(x)) is a homomorphism of the group ring Z[Q/Z] 
to Wo(Fp) and hence, by composition with the left regular representation, tTo- gives 
a representation of Z[(Q/Z]. The F„ and T/„ arc additive. It remains to check the 
relations (PT|) and (P^ . The latter ones follow from PT|) for the first two, and from 
(1) and (3) of Proposition 12.21 for the last two. To check the first relation of ((2T|) 
one needs to show that 

VnTTcrix)Fn = TTcr{p„{x)). (38) 

One has tt^{x) = TTa{r{x)) for all a; G Z[Q/Z]. Thus, by applying (f33| . one can 
replace x by r(x) without changing both sides of the equation. Thus we can assume 
that X = (j{z) for some z e Wo(Fp). Then ncr{x) is just the multiplication by z. 
One has by ([35]) 

r o p„{x) = ro pn{a{z)) = ao Vniz). 
Thus TT^{p„{x)) is the multiplication by Vn{z) and follows from 

F„(z^^„(e)) = K(^)e, ve e Wo(Fp) 

which is statement (2) of Proposition 12.21 Let us check the other two relations of 
(PT|) . The second one means 

FnTr^{x) = TTaicrn{x))Fn 

and since roa„ = cr„or we can assume as before that x = o'(z), for some z € Wo(Fp). 
Then Tr^ix) is the multiplication by z and, by (|35p . 7ro.((J„(x)) is the multiplication 
by Fn{z). The required equality then follows since F„ is multiplicative. The last 
relation of (1211) means 



TTa{x)Vn = VnTT a (cT n (x)) 

and assuming x — a{z) it reduces to 

zVniO = Vn{F^{z)0 , Ve G Wo(Fp) 



which in turn follows from statement (2) of Proposition 12.21 □ 
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5. The Witt vectors functor and the truncation quotients 

In this section we provide a short overview on the construction of the universal 
Witt scheme in the form that is most suitable to the applications contained in this 
paper, for more details we refer to [39l [28l |6l [22l [Sj [33l [24]. In the second part of 
the section we connect the universal ring Wo(A) with W(A). 

The construction of the ring of big Witt vectors (or generalized Witt vectors) is 
described by a covariant endofunctor W : TOng — > ?ling in the category of commu- 
tative rings (with unit). For A <E obj(?ting), and as a functor to the category of 
sets, one defines 

W(A) = an = {(xi,x2,x3,...)|x, e A}. 

To a truncation set C N (ie. a subset of N which contains every positive divisor 
of each of its elements) , one associates the truncated functor 

Wat : TOng ^ 6ets, Wn{A)=A^. 

As a functor to the category of sets, Wat is left represented by the polynomial ring 
i?jv = Z[xn\n e N]. Then it follows that the big Witt vectors functor W = Wn is 
left represented by the symmetric algebra Symm = Z[a;i, X2, CC3, . . .] 

W{A) = Homc„,ng(Symm, A) VA G obj($ning). (39) 

As an endofunctor in the category of commutative rings Wat : TOng ?ling is 
uniquely determined by requiring that for any commutative ring A and for any 
n £ N, the following map, called the n-th ghost component is a ring homomorphism 

ghn : Wn{A) ^ A, gK{x) = ^ dx^'J". (40) 

d\n 

For t a variable, the functorial bijection of sets 

■■ W(A) ^ A(A) = l+tA[[t]], X = (x„)neN ^ fx{t) = \[ (l-a-„t")-i (41) 

transports the ring structure from W(A) to the multiplicative abelian group A (A) 
of power series over A with constant term 1, under the usual multiplication of power 
series (the power series 1 acts as the identity element). In other words one has 

ipA{x + y) ^ ipA{x)ipA{y) \fx,yeW{A). 

To make the description of the corresponding product * on A{A) more explicit one 
introduces first the n-ghost components Wn ■ A(A) — > A, n € N, which are defined 
by the formula 

w{f) = w{l + ait + a2t^ + ast^ + ...)^wit + W2t^ + • • • = t4i{hg{f{t))). 

at 

For example, the first three ghost components are given by the universal formulas 



wi(/) = ai, W2(/) = + 2a2, waif) ^ af - 3aia2 + 'Sas. 
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For products of the form Hl-Lill ~ ^kt) ^ = 1 + ait + a2t^ + • • • = f{t) this means 
that 

Wit + W2t^ + wst^ + • • • = i-(log(/(t))) =tj^Y. - ^'i^-^)"') = 

k=l 

oo oo 
i=l i=l 

Thus the ghost components are given by the power sums in the ^fc's. Then, the 
product * on A(A) is uniquely determined by requiring that these ghost components 
are (functorial) ring homomorphisms. In fact, distributivity and functoriahty to- 
gether force the muhiplication of power series in A(^) be expressed by the foUowing 
rule 

I{t) = Y[{i-m-\ g{t) = X{{i-mt)-\ {f*9){t)^X{{l-^^^Jt)-' 

i i i,j 

(42) 

where 

, CO 

i.j n—1 

It foUows that muhiphcation according to (|42|) translates into component- wise mul- 
tiplication for the ghost components on A{A). It is expressed by explicit polyno- 
mials with integral coefficients of the form 

(1 + E '^nt") * (1 + E ^»*") = 1 + + - «2&? - alb2 + 20262) t^+ 

+ {albl~2aia2bl+a3bl-2albib2+5aia2bib2-3a3bib2+alb3~3aia2b3+3a3b3)t^+- ■ ■ 

The ghost components ghn{x) of a Witt vector x = (xi, a;2, X3, . . .) G W(A) become 
the ghost components of (^^(a;), i.e. 

gK ■■ W(A) ^ A, gK{x) = Wn{^A{x)). (43) 

It follows that the bijection ipA ■ W(j4) A(A) becomes a ring isomorphism. 

Note moreover that the homomorphism of abelian groups L : Wo{A) — > A(yl) of 
(|S|), preserves the product, i.e. 

L{{EJ)(g>{F,g))=LiiE,f))*L{{F,g)) (44) 

so that it defines an injective ring homomorphism. 

Two Witt vectors x,y G W{A) are added and multiplied by means of universal 
polynomials with integer coefficients 

x+wy= (Ats,i(a;,y),/^s,2(a;,y), . . .), a; xwy = {^ips{x,y), ^ip^ix.y), . . .). 

The polynomials ns.iTfJ-pj are recursively computed using the ghost components 
by the formulas 

ghnilJ-sAx, y), Ais,2(a;, y), . . .) = gh„{x) + gK{y), 

ghn{tips{x,y), tip^2{x,y), . . .) = gK{x)gK{y). 
Notice that the polynomials ghn{x) depend only on the Xd for d a divisor of n, hence 
the n-th addition and multiplication polynomials fJ'S,n, l^p,n are polynomials that 
only involve the Xd and yd with d a divisor of n. Thus, for a truncation set C N, 
the polynomial ring Rm = 'L\xn\n G A^] is a sub Hopf algebra and a sub co-ring 
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object of Symm, this means that it defines a quotient functor, which coincides with 
Wjv- This result apphes in particular to the truncation set N — {p" | »t. > 0}, where 
p is a prime number. Thus the p-adic Witt vectors Wp=o (A) can be interpreted as 
a functorial quotient of the big Witt vectors (similarly one obtains Wp^ (A) as the 
p-adic Witt vectors of length n + 1). 

The Teichmiiller representative is a multiplicative map which defines a section to 
the ghost map ghi. If C N is a truncation set, the Teichmiiller representative is 
defined as 



[■]n : A Wjv(^), a h-^ [a]jv = {[a]N)neN, [a\N,n 



a if n = 1, 
if 71 > 1. 



One has (7/i„([a]jv) = a" for all n G N. 

On the functorial ring W{A) one can introduce several functorial operations which 
derive from (the large number of) ring endomorphisms of Symm and by applying 
the representability property (p9|) . For instance, the Verschiebung (shift) additive 
functorial endomorphisms on W and its quotients, arise from the ring endomor- 
phism 



V„ : Symm — > Symm , Xi 



if i is divisible by n 
otherwise 



which corresponds to the map /(<) i—> f{t") in A{A). 

For C N a truncation set, the shift is the additive map given by 

Vn : Wjv/„(A) ^ Wjv(A), V„{{ad\d £ N/n)) = {a'Jm e N); a',^ = 



Qd if m = nd 
otherwise 



where N/n = {d G N|nd € N}. This means that the composite with the ghost 
components is given by 

, J ■-n'-ra/n if n divides m 

ghmVn ^ < , . (45) 

otherwise. 




The n-th Frobenius is the (unique) natural ring homomorphism 

F„ :WAr(A)^Wjv/„(A) 

which is defined on the ghost components by the formula ghrF„ — ghm- Thus by 
definition the n-th Frobenius map makes the following diagram commute 

Wjv(A) A^ 



pgh 



where F^^ takes a sequence {am\ni G N) to the sequence whose d-th component is 
adn- At the level of the components Xj of a Witt vector x £ Wat (A), the Frobenius 
Fn is given by polynomials with integral coefficients. For instance, the following 
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are the first 5 components of F3{x) 

F3{x)i = xl + 3x3 

F3{x)2 = xl — Sxfxs — 3x1 + 3xe 

F3{x)3 = -3x^0:3-9x^X3-8x3 + 3x9 

F3(x)4 = -3x^^X3 + 3X1X3X3 - 18X1X3 + 3X2X3 - 86X1X3 

—24x3 + x| — 3x3X6 + 9x1X3X6 + 9x3X6 — 3x6 + 3xi2 
F3(x)5 = -3xJ\3-18x'^x^-54x^x^-81xi^x^-48x^ + x^ + 3xi5. 

Note tfiat wfien p is a rational prime one fias (c/. [3^ Proposition 5.12) 

Fp{x),n = xP^ {mod pA). (46) 

One also has (c/. [30] Proposition 5.9) 

14m = Vn O Vrn ^ Vm O Vn , Fnm = F^ O F„i = F„i O F„ (47) 

where for the maps Fn one assumes nN C N and mN C A^. 
Proposition 12.21 extends without change, (c/. [30] Proposition 5.10). 

Proposition 5.1. Let N C N be a truncation set, and n E N with nN C N. Let 
A be a commutative ring and x,y G Wn{A). Then 

(1) F„ o Vn{x) = nx. 

(2) Vn{Fr,ix)y)^xVniy). 

(3) // m is prime to n, one has Vm ° Fn = Fn o Vm- 

(4) One has Vn{x)Vn{y) = nVn{xy). 

Proof. We refer to [50] Proposition 5.10. The statement (4) differs slightly from 
this reference, it can be checked directly using Proposition l2.2l It implies that when 
n is invertible in Wjv(^) then -^Vn defines a ring endomorphism. □ 

It is important to see how the description of the universal ring Wo(A) fits with 
the definition of W{A). There is a canonical ring monomorphism Wo (A) ^ W(A) 
which is given as the composite of the injective ring homomorphism L : Wo(A) — >■ 
A{A) as in ^ and of the ring isomorphism ip^^ : A{A) W{A) {cf. (|iT|) ) 

Wo(A)^A(A)^W(A), {E,f)^dct{l-tM{f))-\ (48) 

In the case A = ¥p the characteristic polynomial det(l — tM{f)) = det(l — tf) 
factorizes as a product of terms (1 — taj) of degree one, where the aj e Fp are the 
eigenvalues of / ( cf. (|T3l) ) . 

Lemma 5.2. Let [■] ; ¥p W{¥p), x H- r(x) := [x] be the Teichmiiller lift and let 
5 : Wo(IFp) ^[Fp] be the isomorphism of (HH). Then the canonical map (|^51) is 
given explicitly as 

j : Wo(Fp) ^ W(Fp), J o 6-' : Z[F;] 3 ^ ^ ^ n^ria,) e W(Fp). (49) 

This Lemma together with Theorem 12.11 shows that the subring Wo(Fp) C W(Fp) 
is just the group ring Z[Fp ] and is freely generated over Z by the Teichmiiller lifts. 
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6. The p-ADic representations tto- of the BC-system 



In this section we shall implement the results of [SJ [331 13] to describe the ring 
W(Fp), then using the embedding with dense image Wo(Fp) ^ W(Fp), we will 
extend the representation tTo- of T-Lz on Wo(Fp) (Theorem 23]) to a representation 
of the integral BC-system on W(Fp). Such representation is the p-&d\c analogue of 
the irreducible complex representation 

We begin by recalling the definition of the isomorphism 

W(Fp) ~ Wpoc(Fp)^(p) (50) 

where /(p) C N is the set of positive integers which are prime to p and p°° is the set 
of integer powers of p. At the conceptual level, this isomorphism is a special case of 
the general functorial isomorphism holding for any commutative ring A with unit 
([3] Theorem 1) 

W(^) -Wj(p)(Wpoc,(A)). (51) 

When A is an Fp-algebra, every element of I{p) is invertible in i? = Wpoo (A), thus 
one derives a canonical isomorphism 'Wj(^p^{B) ~ iJ^(f) which is defined in terms 
of the ghost components. Let Z^p) be the ring Z localized at the prime ideal pZ so 
that every clement of I{p) is invertible in Z(-p-). A central role, in the ring A(Z(p-)), 
is played by the Artin-Hasse exponential, this is the power series 

EJt) = hexp(<) = exp(i + — + ^ + • • • ) G A(Z(„)). (52) 

The following properties are well known (c/. [3l 133] ) 
Proposition 6.1. (1) Ep{t) is an idempotent o/A(Z(p)). 

(2) For n G /(p), the series Ep{n)(t) := ^Vn(Ep){t) G A(Z(p-)) determine an idem- 
potent. As n varies in I{p), the Ep{n) form a partition of unity by idempotents. 

(3) For n i p^\ Fn{Ep){t) = 1(= Oa) and Fp,{Ep){t) = Ep{t), Vfc G N. 

To check (1) directly, one shows that there exists a unique sequence (xn)neN G 
W(Z(p)) such that 

• Xi ^ 1 

• Xpk = for all fc > 

• F,n{x)pk = for all m E I{p) and fc > 0. 

This follows by noticing that the coefficient of x^pk in Fm{x)pk is m € I{p) which 
is invertible in Z(p) , so that one determines the x„ inductively. One then checks 
that the ghost components of (x„)„gN S W(Z(p)) are the same as those of Ep{t), 
i.e. ghn{x) is equal to 1 if n S and is zero otherwise. 

Note that any n € I(p) is invertible in A(Z(p)). Division by n corresponds to the 
extraction of the n-th root of the power series f{t) = 1 + g{t). Formally, this is 
given by the binomial formula 

/-=(l+.9)- = l + -.g+... + i^i-i^f^^^/ + ... (53) 
n fc! 

The p-adic valuation of the rational coefficient of g'^ is positive because ^ G Zp, 
thus this coefficient can be approximated arbitrarily by a binomial coefficient. It 
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follows from Proposition 12.21 (4) that j^Vn is an endomorphism of A(Fp) and also 
a right inverse of Fn ■ 

One easily derives from [SJ [31 [33] the following result 

Proposition 6.2. Let A be an ¥p-algebra. 

(a) The map 

N 

(54) 

is an isomorphism onto the reduced ring A{A)ep — {x €z A(j4) \ x-k Ep = x}. 

(b) For n <E I{p), the composite ijj^ o F„ is an isomorphism of the reduced algebra 
HA)E^[n) withWpc.{A). 

(c) The composite 

eA{x)^{eA{x))n^i'A^ oFn{x^Ep{n)), n€l{p), x€K{A) (55) 
is a canonical isomorphism 9a '■ A(A) — > Wp^{Ay^'P^ ~ W{A). 

(d) The composite isomorphism Qa ° ^A ■ W(j4) — > Wp=o (A)"'^'-^^ is given 
explicitly on the components by 

(eA(a;)„)p. = Fn{x)p, , Vx G W(A) , Vn e /(p). (56) 

Proof. The first three statements follow from j6j §3.b, [3], Thm. 1 and Prop. 1, 
|33j Thm. 9.15. We prove (d). Since the Frobenius _F„ is an endomorphism and 
Fn{x -k Ep{n)) = Fn{x) * Ep, one can rewrite (|55)) as 

(0^(x))„ = ^^i(£;p*^^„(x)) , Vn € /(p). (57) 

Thus, to show it is enough to prove it for = 1. One needs to check that for 
all X e W(A), one has 

Ep-kipAix) ^Yl_^pi^p"''^^")■ 
Indeed, this follows from distributivity and the identity 

' { Ep{xtP ) if n = p". 

The above identity can be checked directly knowing that (1 — xt'^)~^ = 1/^(t(x)) 
and by applying the equality 

Epk{l~xf')-' ^EpkVniT{x))^V„{F„{Ep)*T{x)) 

together with Proposition 16. II (3) and the equality 

r{y)kf{t)^{l-yt)-'kf{t)^f{yt) 

which holds for any element f{t) S A(A). In particular, for the Teichmiiller lift 
r(j/) = [y] of an element y & A one gets 

eA{r{y))„ = T(y") , Vn G I{p) (58) 

where, on the right hand side, r denotes the original Teichmiiller lift r : A — > 
Wpoo(A). Indeed one has -F„(r(?/)) = T(y"). □ 
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Corollary 6.3. Let A be an ¥ p-algebra. Then, the common fixed points of the 
endomorphisms Fn '■ W{A) — > W(j4) for n G I^p), are the elements of the form 

i(A)= J2 ^^-(^p*^)' AeWpoo(A). (59) 

me/(p) 

One also has 

ri6/(p) 

Proof Let X e W{A) with Fn{x) = x for all n £ I{p). Then, it follows from ((56)) 
and (|55)l that all the components {dA{x))n are equal, so that for some A G Wpoo [A) 
one has 

Ep(n) -kX = —Vn(Ep -k A) 
n 

and X' is of the required form. Conversely, by Proposition l6.1l f3). one has Fa{Ep) ~ 
Oa for all a G I{p), a ^ 1. Thus when one applies F^ to ^Vn{Ep * A), one gets 1(= 
Oa) unless k\n using Proposition 15. II (2). (3). When k\n one obtains ^V,n{Ep-k X), 
with m = n/k. Thus the elements of the form (j59p are fixed under all i^^.. □ 

We now apply these results to the case A = ¥p. We identify Wpoo(Fp) with a 
subring of Cp (the p-adic completion of an algebraic closure of Qp). Let C Cp 
be the completion of the maximal unramified extension of Qp. Then one knows 
that Wpoo(Fp) = is the ring of integers of Q^'^. With 9 the isomorphism of 

we have 

e : W(Fp) ^ (Oq^)'(^^ , (e(x)„)p. = F„(x)p., Vn G /(p), Vx G W(Fp). (60) 
Thus Q makes W(Fp) a module over OgS- 

To the Frobenius automorphism of Fp corresponds, by functoriality, a canonical 
automorphism Fr of which extends to a continuous automorphism 

FrGAut(Qj^). (61) 

We can now describe the p-adic analogues of the complex irreducible representations 
of the BC-system (c/. ([55)) ). We recall that Xp denotes the space of all injective 
group homomorphisms a : F^ — >■ C ^ . The choice of cr G Xp determines an em- 
bedding p : Q'^y^'P — > Cp of the cyclotomic field generated by the abstract roots of 
unity of order prime to p inside Cp. 

In the following we shall use the simplified notation O = Co>^- For to G /(p), we 
let em be the vector in W(Fp) with only one non-zero component: emim) = 1. 

Theorem 6.4. Let a G Xp. The representation as in Theorem \4-5\ extends 
by continuity to a representation of the integral BG-algebra "Hz on W(Fp). For 
n G /(p) and for x G Z[Q/Z], ir^^pLn), T^aix) and 7ro.(/x,* ) are O-linear operators on 
W(Fp) 

7r<T(/^n)em = Cnm, TT^ (e(a/6) )e„, = p{Ca/b)''ni , Va G Z, V&, m G /(p) (62) 

= 1 e,/„ ^fkenN. (63) 
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One has n^{x) = 7r^(r(x)) for all x G Z[Q/Z] (r : Z[Q/Z] ^ Z[(Q/Z)(p'] the 
retraction as in (|28p j OTid 

7r,(Mp)=Fr-\ 7r,(/x;)=Fr (64) 

where Fr is i/ie Frobenius automorphism, acting componentwise as a skew-linear 
operator. 

Proof. Theorem and the density of Wo(Fp) in W(Fp) (c/. e.g. [13|, 1.8) show 
that TTg. extends by continuity to a representation of the integral BC-algebra "Hz 
on W(Fp). In view of the invertibility of the elements n G I{p) in W(Fp), the 
description of the representation tt„ is simplified by using the elements /i„ = i/2„, 
to stress the analogy with the complex case. It follows from Corollary 16.31 that 
the subring O of W(Fp) is the fixed subring for the action of the operators F„, 
for all n G I{p). For n G /(p), the operators Fn are O-linear likewise the Vn [cf. 
Proposition 12.21 (2)) which correspond to the /i„ by means of the representation 
TTo-. Thus we obtain the first equality in (|62|) . The operators 'na{e{a/h)) arc the 
multiplication operators [cf. Corollarv l2.4p by T(e(a/6)); thus they are O-linear and 
the second equation in ([62|) follows from ([58|) . By applying (|37| one has i^ai^-n) = 
Fn for all n. Taking n ^ p, one gets that TT^di*) — Fp which coincides with Fr 
acting componentwise, as it follows from the commutation Fp o —Vn = —Vn o Fp for 
n G I{p) and (|46p . Since /ip/ip = 1 and Fr is invertible one gets ((64|). □ 

Definition 6.5. We denote by Jp C Hz the two sided ideal generated by the ele- 
ments 

1 - eip-'') , Vfc G N. (65) 

Proposition 6.6. One has Jp = KerTTo- (cf. ((62)) ) and the intersection Z[Q/Z]n J7p 
is the ideal ofltl^^/l] generated by the elements as in (|65p . 
The sequence of commutative algebras 

^ Jp" ^ Z[Q/Z] ^ Z[(Q/Z)(P'] ^ (66) 

is exact. 

Proof. Let r = «dz[(Q/z)(P)] e : Z[Q/Z] Z[(Q/Z)(p)] be the retraction map 
introduced in ([28| . By construction, one has 

= Ker(r). (67) 

Since iTa(G{a/b)) only depends upon r(e(a/6)) it follows that Jp C KerTTo-. One 
knows (c/. |15| . Lemma 4.8) that any element of the algebra Hz can be written as 
a finite sum of monomials of the form 

X! f^aX{a,b} IJ'b^ 2:{a,6} G Z[Q/Z]. (68) 

(a.b) = l 

We show that for any finite sum X as in (|68| we have 

TT,{X) = =^ x[aM e Jp°. (69) 

It is enough to prove that r{x[a,b}) = 0, Va,6 G N and since Z[(Q/Z)(^')] is torsion 
free it suffices to show that ar{x^a,b}) = 0' ^eN. Define y : ^ Z[(Q/Z)(p)], 
y{^) '■= ar{xs^a,b])i then y has finite support. For any group homomorphism 

X : (Q/Z)(f) ^ OX 
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there is a unique ring homomorphism with 

: Z[(Q/Z)(f)] O, /ix(e(7)) = xil) , V7 £ (Q/Z)^''^ (70) 

This apphes in particular, for any integer j, to x ~ p' where we view p : Q'^^'^'P — >• Cp 
as a group homomorphism p : (Q/Z)^p'> . One has 

f|KerV={0} (71) 

since an injective character of a finite cycHc group generates the dual group. Let 
n,m £ I(p) be relatively prime. Then one has for any j G I{p) and z €z O 



(7r,(X)ze,„),„ = ^ V(2/(p-'=-))Fr^(z). (72) 

fcez 

Thus if t:^{X) = one has for all j and m, n as above 

E V (y(P"'-)) Fr''(~^) =0 Vz e O. (73) 



„fe/ 



For 2: a root of unity one has Fr (z) = , thus the polynomial 

m 



Ev(.(p-'=£))^-^^" 



vanishes, for n large enough, on all roots of unity thus it is identically zero, hence 
all its coefficients must vanish i.e. 

hp. {y{p-'-)) = , Vfc G Z, j G N. (74) 

TO 

It then follows from that y{f) = y{p~^^) = 0, hence dnH) holds and the proof 
that any element of KerTTo- is in Jp is complete. Finally, if a; G Z[Q/Z] belongs to 
KerTTcr one has x G by ([69]) and thus the intersection Z[Q/Z] n Jp is the ideal 

□ 

Definition 6.7. We denote by 'H^^'^ the quotient by Jp of the subalgebra of Hz 
generated by Z[Q/Z], for n G I{p). 

The algebra 'H^^'' is generated by Z[(Q/Z)(p)] the operators and /i* , for ?i G /(p) 
and its presentation is similar to the presentation of "Hz- The relations are 

M«m = AnAm , t^lm = Mr*Mm > VtI, TO G /(p) 

Mr* An = ^^ , Vn G /(p) (75) 
AnMm = MmM" i ^n^me I{p) with (n, to) = 1 
as well as the relations 

PnXPn = p„(a::) , = (T„(a;)//* , a;/i„ = /i„o-„(a;) (76) 
where p„, n G /(p) is defined by 

Pn(e(7))= E ^(V), V7G (Q/Z)W. (77) 

717'— 7 
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Given an algebra A, an automorphism 6 G Aut(^) and an integer p we let ^ Xg^pZ 
be the subalgebra of the algebraic cross product {^a„y" \ an E A} determined 

by the condition 

a-„ e p^'A , Vn e N. (78) 
If we let V = U* and pV~^ = U, then it is easy to see that A xie.p Z is generated 
by A, U , U* with the relations 

U*U ^p, UxU* = pe-\x) , U*x = 0{x)U* , xU = C76i(a;) , Vx e A (79) 
Proposition 6.8. There exists a unique automorphism Fr G Aut('H^^'') SMc/i f/iaf 
Fr(e(7)) = 6(7)^ , V7 G (Q/Z)^^) , Fr(A„) - A„ , Fr(Ai:j - , Vn £ /(p). (80) 
One derives an isomorphism 

y-z/Jp — y-z^ ><Fr,p ^- (81) 

Proof. The map 7 — > p7 defines an automorphism of (Q/Z)'^'-'. Its linearization 
Fr acts on Z[(Q/Z)^^'^] and commutes with the endomorphisms a„ and p„. In fact 
by applying the isomorphism of Proposition 14.41 Fr corresponds to the Frobenius 
automorphism of Fp. Thus it extends to an automorphism Fr G Aut{'H^^). 
The second statement follows by comparing the presentation of Hz/J^p with that 
of the crossed product H^f^ x p,.^ p Z as in ([7^ . □ 

Proposition 6.9. Let a e Xp. 

(1) The restriction TTa\-^(p) of the representation tTq. (as in Theorem \6.4\ l to "H^^' is 
O -linear and indecomposable over O. 

(2) The representations ■Ka\^{p) are pairwise inequivalent. 

(3) The representation tt^ is linear and indecomposable over Zp. 

(4) Two representations tt^ and tt^i are equivalent over Zp if and only if there exists 
a € Aut(Fp) such that a' ~ a o ot. 

Proof. (1) The O-linearity property is checked directly on the generators using 
Theorem l6.4l It follows from (|62|) that the vector ei is cyclic for 'H^\ i.e. TTciH^'') £1 
is dense in W(Fp) = O^^p). One has 

Oei = {e e W(Fp) I n^ifiim = , Vn ^ 1, n € I{p)}. (82) 

For any O-linear continuous operator T in the commutant of h'^^ one has iT„{^*^)Tei = 
TiTa{lJin)ei = 0, Vn > 1 and by ^ there exists A e O such that Tti = Aei. Thus 
since ei is cyclic, T is given by the module action of A G C 

(2) By dm), the action of 7r„(e(7)) for 7 e (Q/Z)(p) on the subspace ^ is given 
by the multiplication by ^(7) £ O. Thus p is an invariant of the representation. 

(3) Any element of the commutant of the action oiT-Lz is given by the module action 
of A G O, where A is fixed for the action of the Frobenius on O, i.e. AG Zp. This 
shows that tt^ is indecomposable. 

(4) We show first that if there exists a G Aut(]F'p) such that a' = aoa~^, the repre- 
sentations TTo- and tTct' are equivalent over Zp. Let a = Wpoo (a) g Aut(Wpoo (Fp)) = 
Aut(O) and define U : O^^p^ 0^^p\ {U^n = a{Cn) , Vn G I{p). One has 
U en — en for all n G I{p) and if T is an O-linear operator so is UTU^^. It thus 
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follows from §^ and §^ that C/7r„(^„)[/~i = ^^a{^J.n) and Un„{pLl)U-^ = iTaiK,)- 
For X e Z[Q/Z], UtTc{x)U~^ only depends on r(x) and for a; = e{a/b), b E I{p), 
one has f/7r„(e(a/6))C/"^e™ = a(p(Q6))em p'iCa/b)^^ ^ TTa'{e{a/b)). 
Moreover since a commutes with Fr, it follows from (|64)) that UTTcr{iJ.p)U^^ = 7r(j(/ip) 
and Utt„{ij,*)U~^ ~ n„{fj,*). Thus one gets the required equivalence. 
Conversely, assume that two representations tt„ and it a-' are equivalent over Zp. By 
(j82p the Zp-linear representation tTo- (and similarly tTo-') determines uniquely the 
following representation of Z[(Q/Z)(^'^] in the Zp-module O 

Pa{e{albm^p{Ca/b)^,y^eO. (83) 

In turns this determines an extension of the p-adic valuation to the subfield Q^^^^'P C 
Qcyc generated over Q by pL^P\ Indeed the formula 

val(x) = inf{fc > | P„{x)0 C p^O] , Vx e Z[(Q/Z)(p'] (84) 

only depends on the class of x in Q^^'^'P and extends uniquely to a valuation on 
Qcyc,p^ The conclusion then follows from Proposition 18. 141 □ 

7. The KMS theory of the BC-system at a prime p 

In [4] it was shown that the extremal, complex KMS states below critical temper- 
ature of the BC-system (c/. ((24|)) are of the form 

Tr(7rp(X)e-'^^) 
fpA^) = ^^(g-ffH) ,yX GHz (85) 

where H is the Hamiltonian operator of multiplication by logn in the canonical 
basis e„ of the Hilbert space £^ (N) and TTp is the irreducible representation of the 
algebra Hq given by 

7rp(Ain)em = fmn, TTp (/i* ) = TTp (/i„ ) * , TTp (e(a/6))e,„ = p(Qb)e™ , (86) 

where p G Z* determines an embedding in C of the cyclotomic field Q'^^'^ generated 
by the abstract roots of unity. Thus the extremal KMS states t/s^^p are directly 
computable using the representation TTp and the explicit description of the Hamil- 
tonian. 

In section [6l we have described the p-adic analogue of the representation TTp. In 
this section, our goal is to obtain the p-adic analogue of the KMS states (pp^p- 
The guiding equation is provided by the general algebraic formulation of the KMS 
condition which is described by the equality 

Lp{xa{y)) ^ ip{y x) , Vx, ?/ G A, (87) 

where (/s is a linear form on an algebra A endowed with an automorphism a G 
Aut(^). In our case the algebra is 

A = Uj^j = Ui^^ ®z Cp. (88) 

In §7.11 we introduce, using the Iwasawa logarithm as a substitute for the above 
complex Hamiltonian H, the automorphisms a^^^ G Aut('H[?'''). These automor- 
phisms are defined for /3 in the "extended s-disk" Dp {cf. (|9ip below). In ij7.5l we 
shall show how to extend their definition from the domain Dp to a covering M of 
Cp. The construction of the KMS states is based on the classical construction of the 
p-adic L-functions and p-adic polylogarithm and many properties that we obtain 
rely on the simplifications which occur when [3 ~ 1 — k{p — 1) (fc e Z). In §7.21 we 
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prove the identities in the cyclotomic field, involving Bernoulli polynomials, which 
are behind the verification of the KMS condition. In ^7.'3\ we provide the construc- 
tion of the linear forms ipi3,p using some of the results from |37j (c/. Chapter V). 
In ^l7]4]we prove that the functionals (/?/3.p fulfill the KMS condition with respect 

to the automorphism a^^^ e Aut('Hjf''). Unlike the complex case, this construction 
exhibits the (new) phenomenon of the invariance of the linear forms fp^p under the 
symmetry of given by the automorphism 6(7) i~> e(— 7). 

Throughout this section we fix a finite, rational prime p and an algebraic closure 
Qp whose completion is denoted Cp. We also use the following notation 

g = 4, ifp = 2, q^p,iip^2. (89) 

and 

^(g) =2, ifp = 2, ^{q)=p-l, iip^2. (90) 

We consider the "extended s-disk" 

Dp {/3 e Cp I \l3\p < > 1} , (91) 

and first develop the theory for /3 S Dp. In m.5\ we shall explain how the Iwasawa 
construction of p-adic L-functions allows one to extend the whole theory from the 
domain Dp to the covering of Cp given by the multiplicative group M which is the 
open disk of radius one and center 1 in Cp. 

7.1. The automorphisms crt'^' e Aut('H[?^). Let Z^^^ C Q"" be the multiplicative 
group of rational fractions whose numerator and denominator are prime to p. 

Lemma 7.1. Let r G ^(^)- There exists a unique analytic function 

Dp ^ Cp, r^^^ (92) 



such that 



r 



(/?) 



, V/3 = 1 - kip{q). (93) 



Proof. We recall that the Iwasawa logarithm logp is the unique extension of the 
function defined in the open unit disk centered at 1 by 



00 

X 



logp(l - x) = ^ — , Vx e Cp, \x\p < 1 (94) 



n 

n=l 



to a map log^ : Cp — s- Cp such that 

\ogp{xy) = logp(a;) + \ogp{y) , Vx, y e Cp , logp(p) = . (95) 
One has logp(— 1) = since —1 is a root of unity, and 

\\ogp{r)\p<q~\yreZ^^y (96) 
Moreover the exponential function is defined by the series 



exp(x) = X! ~r ' e Cp , \x\p <rp ^ p p-i . (97) 

n=l 

We define 



,(/3) 



rexp((/3-l)logp(r)), V/3ei?p. (98) 
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This is a well-defined, analytic function of /3 e Dp since /? — 1 e Dp and thus 
|(/3 - l)logp(r)|p < Tp by ([§11). We show that holds. This follows from the 
equality 

exp(fc^(g) logp(r)) = r'^^^^^ , Vr e Z^^^^, fc e Z 

which holds for r = — 1 since (/^(g) is even. In general, (j93p follows from the formula 

exp(nlogp(a)) = a" , Va e Z* , n e <^(g)Z (99) 

as shown in [37j (Chapter 5, p. 52), where the notation 

(a) = cxp(logp(a)) (100) 

is introduced. The uniqueness follows from the discreteness of the set of zeros of 
analytic functions. □ 

Lemma 7.2. Let (3 £ Dp, then 

Z^^^ rC^) e C; (101) 

is a group homomorphism. Moreover, for r e Z^'^^ 



V/3j e Dp (102) 



Proof. This follows from ^ and the equality (c/. [5^ 1 

exp(a;i + a;2) = exp(a;i)exp(a;2) , Vxj, Ixj lp < r^. (103) 

□ 

The standard notation for r^'^^ is a;(r): it is the unique ^{q) root of unity which is 
congruent to r modulo q. In particular one has 

(^(0)).p(9) VreZ^^pj. (104) 



Proposition 7.3. (1) For /3 G Dp there exists a unique automorphism a^' ' G 
AwtiUcl) such that 

a(P\fLae{i)til) = (^-j fiae{l)p*, , Va,6e /(p), 7 G (Q/Z)^''). (105) 
(2) One has 

^iM o ^(&) = „ ^(0) ^ y^^. g (log) 

and cr'*'^ is an automorphism of order (p{q). 

Proof. It suffices to check that a^^'^ preserves the presentation given by the relations 
(|75p and (j76p . This follows from the multiplicativity shown in Lemma [7.2l Similarly 
pOe]) follows from p02)) . The last statement follows from (fTOi]) . □ 
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7.2. Cyclotomic identities for the polylogarithm. We recall that the Bernoulli 
polynomials Bn{u) are defined inductively as follows 

Bo{x)^l, B',^{x) ^ nBn-^i{x) , f Bn{x)dx ^ 0. 

Jo 

Equivalently, these polynomials can be introduced using the generating function 



The first few are 



F{u,t) 



Bo{u 

Bi{u 

B2{u 
Bsiu 
Biiu 
B^iu 



(107) 



--U + U 

6 

u Sw^ 



2 2 
1 

"6 ^ l5 2~ ■ 
These polynomials fulfill the equation — u) = (— 1)"B„(m). The Bernoulli 

numbers are Bn = Bn{0)- Using (|107p . one checks the identity (c/. ^7\, Chapter 4, 
Proposition 4.1) 



g"-i^S„(^)-i?„(x). 
7^0 9 



(108) 



We also introduce inductively the rational fractions ipiz) for /3 € — N, as follows 



zddp{z) = tp-iiz) , €0(2;) 



1 - z 



(109) 



For a e Q/Z we denote by e Q'^-^'^ the class of e(a) S Q[Q/Z] modulo the cyclo- 
tomic ideal (c/. Definition 18. ip . It is a root of unity whose order is the denominator 
of a. 



Lemma 7.4. Letn> I, a,b e N. Then 

b-l 



.n-lV^Aj" p> (^\_\ -nii_n{Ca/b), */ Ca/6 7^ 1 



(110) 



Proof. The equality (|110p for C^^/^ = 1 follows from (|108p . Thus we can assume 
that z = 7^ 1- The Taylor expansion at t = of (ze* — 1)^-'^ is given by 



(ze*-l)-i = (z-l)-i-^^_„(z)- 



(111) 



n = l 



since (z — 1) ^ = — 1 — io{z) and dt agrees with zdz- Then for 6 e N and t such 
that ze's ^ 1 one has 

z^e* - 1 



6-1 

z-'e^' 

zet 
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Since = 1, one derives 

oo /b-i \ „ 6-1 . 

Since z I, taking the Taylor expansion at i = using (jllip . gives the equahty 

6-1 

^z^i?„(|) = -^^i_„(z), Vn>l. (112) 

□ 

Proposition 7.5. Let n > 1, a,b £ N. 

(1) The following sum only depends upon n and ^ G Q/Z 

/-I 

Y^{a/b) = /"-i ^ C/,i?„(^) , V/ e 6N, / ^ 0. (113) 



(2) One has 



6-1 

-^y„(a/6) = = &"-ir„(0). (114) 

(3) Jbr 5 > 1, 7^ 1 one has 
1 

-E^i-"(^^/9^) =5""'4-„(xS). (115) 
Proo/. (1) Follows from (fTTOl) . To obtain (2), note that 

J E C/6 = , Vj ^ (6) , i E C/, = 1 , =0(6). 

a=0 a=0 

(3) One checks pisp as an identity between rational fractions by induction on 
ri G N. It holds for n = 1 by applying the operation —zd- log() to both sides of the 
identity 

n(i-w)=i-^^. 

To obtain (jll5l) for n assuming it for n — 1 one applies the operation zdz to both 
sides of the identity for 7i — 1 . □ 

Combining (|115p with (|110p we obtain, using (|114p when a G Z 

^6-1 

^E^"(^) = ^""'^"(")' ^"^^/^ (116) 
i=o 
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7.3. The linear forms ^pp^p- In this section we shall provide a meaning to expres- 
sions of the form 

^^(f/^)= E P^C/,)m-^ 13 eD, (117) 

where | £ Q, 6 G I{p) is an integer prime to p and p : Q'^^'^ ^ Cp. Note that as a 
function of m G /(p), pid^/b) O'^ly depends on the residue of m modulo 6. We let 
/ = bp and decompose the sum (|117p according to the residue a of m modulo /. 
One has T,/ fL = Z/pZ x Z/6Z. The elements of I{p) are characterized by the fact 
that their residues mod. / are given by pairs a — (ai,Q!2) G Z//Z, with ai ^ 0. 
For a G {'L/pl)^ x 'L/b'L^ we let a G N be the smallest integer with residue modulo 
/ equal to a. Then, the sum (|117p can be written as 

a n>0 

Notice that the first sum (over a) in (|118p only involves finitely many terms. Each 
infinite sum in (|118p is of the form (with z = a/ f) 

Y^{a + fn)-f' = r''Y.^z + n)-P, P e D, (119) 

and it is well known that this expression retains a meaning in the p-adic context 
(c/. |37| Chapter V). More precisely, the asymptotic expansion in the complex case, 
for z oo (this process goes back to Eulcr's computation of YlT "^~^) 

E(-+-) '-^E( , ' 

motivates the following precise formula, where we prefer to leave some freedom in 
the choice of the multiple / of hq. 

Lemma 7.6. With q as in (|9ip . and / G N, / 7^ 0, a multiple ofbq, the expression 

^.i^p^f) - ) E^ ^(C/.) f^E C ; ^) ({)' P ^ (120) 

defines a meromorphic function of /3 € Dp with a single pole at (3 = \ . 

Proof. It follows from [37] (Proposition 5.8) and the inequality (c/. (37] Theorem 
5.10) 

|({)'s,|p<p|/|^ 

that the series 




converges for < \ f\p^p > qp > 1. □ 

Lemma 7.7. For (3 a negative odd integer of the form /3 = 1— m=l — kip{q), and 
/ G N, / 7^ 0, / a multiple of bq, one has, with Ym defined by (|113p 
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Proof. For 1 < c < /, c ^ pN, one has (c)^ ^ ~ c™. The binomial coefficients 



in aU vanish for j > m and the sum defining Z{^,l3,f) is therefore 



(1-13 

finite. One has 

(c)i-'3 ^ /I - /?\ //y c™ fm\ ff 



- 1 s. - 



Moreover for any integer m > 0, the Bernoulli polynomials fulfill the equation 



J=0 

For 1 < c < /, c ^ pN, one thus gets, taking z 



f 

/.™ _ 1 / 

c 



J=0 

One defines for any c G N 

nc):=-^S™(y). (123) 

One has 

^p(^'/3'/)= E ^(^)/^(CaV)= E ^W/'(CaV)- E nc)p{Q/,)- 

!<<:</ 0<C<f ^=3P 

cgpN - 0<j<//p 

Since 6 divides /, one derives 

0<c<f 0<c<f ^■'^ 

while, since b divides f /p = f one gets 

n<??/ 0<J<//p ^ 

0<j< f/p 

The equality (fT2T|) follows. □ 
Corollary 7.8. The function 

Z,(^,/3):=Z,(^,/3,/) (124) 
is independent of the choice o/ / G bqN, / 7^ 0. 
Proof. For two choices /, /' the analytic function of /3 G Dp 

(/3-i)(Zp(^,A/)-^,(pA/')) 

vanishes at all negative integers l — kip{q) by the equality (|12ip . thus it is identically 
0. □ 

Definition 7.9. The following equation defines a linear form (fi^^p on 1-C£ for any 

m.(M.e(-)M™) = | /^-'^^ j^,^^^^^^^ (125) 
for n^m ^ I{p) relatively prime. 
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The next lemma will play an important role in the proof (c/. next section) that 
ipi3,p fulfills the KMS condition. 

Lemma 7.10. For any n e I{p) and j3 £ Dp, (3^1, one has 

^fiAPniX)) = (n)i-V/?,p(^) , VX e Z[(Q/Z)(f)] (126) 
(cf. (|77p for the definition of pn). 

Proof. After multiplication by /3 — 1, both sides of (|126p are analytic functions of 
P G Dp. Thus it is enough to show that (|126p holds for j3 ~ \ ~ kip{q) = 1 — m. In 
this case one has {n)^~^ = and, from (I12ip one gets 

<P/3.p(e(7)) - ~-p {Y,n{l) - p"'-'Y„,{p^)) , V7 £ (Q/Z)(rt. 

To prove the equality (|126p we can assume that X = e(a) for a e (Q/Z)^^). One 
has 

so that 

j=Q \ 

Then (|126p follows from (jll6p . Since p is prime to n and the rational numbers 
P^^n^ £ Q/Z form the same subset as the set made by the p"^-' , we derive 

n— 1 . n— 1 

V Y^{^) - n™r™(«) , V Y„,{p^) ^ n^Y^ipa). 
^ — ' n ^ — ' n 

□ 

7.4. The KMS/3 condition. The main result of this section is the following 

Theorem 7.11. For any (3 G Dp, /3 ^ 1 and p : Q^^^'P ^ Cp, the linear form ipp^p 
fulfills the KMSp condition: 

(^0,,(xa(«(y)) = ^p.p{yx) , Vx,y e h'^^]. (127) 
Moreover the partition function is the p-adic L-function 

Z{l3):=^p^p{l)^Lp[P,l) (128) 
which does not vanish for (3 G Dp. 

Proof. We fix x,y G "Hp^'*, then after multiplication by /? — 1. both sides of (|127p 
are analytic functions of /3 € Dp. We first assume that /? ^ 1; we shall consider the 
case 13 = I separately later. Since any element of the algebra nj^^ can be written 
as a finite linear combination of flnXfi'^, for X € Z[(Q/Z], we may assume that 

X = PnXfi*^ , y = fisYp.* 
where n,m€ I{p), {n,m) = I, s,t G I{p), {s,t) = 1 and X,Y e Z[Q/Z]. Then, we 
use the presentation of Hj?-* to compute xy = pn X p*^ psY p^ . Let u be the gcd 
of m — um' and s = us' . One has 

Mm Ps = P*„i' M« P'uPs' = Upl^, Ps' = U Ps'P*m' 
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Let u be the gcd of ns' = vw and m't ~ vz. One has /i„ /l^' = fl^ fly , /i^, /ij = /i* /i* 

/i„ X /is y =ujlw jj-v Os' {X)am' (y) filfJ-l = U flyj Pv {(Is' {,X)am' [Y)) /i* . 

We obtain 

IV Tl S 

finX fi^^jisY pI = ujiy,p^{as'{X)a,n'{Y)) fil, — = —-. (129) 

z m t 

It follows that unless s ^ m and t = n one has — ^ 1 and 

<pp^p{xa'^f'\y)) = 'pp^piyx) = 0. (130) 
Thus wc can assume that s ~ m and t ~ n. Then we have 

xa(^) {y) = m(-) p^XYnl^m(-) ^'^^ p„(Xy) 
so that, by (|126p one derives 

^pjxa^^^y)) = m {ny-^^pjXY). (131) 

Similarly one has, by applying again (|126p 

yx = nji,nYXp*„^, ipp^p{yx) = n{my^'^ (pfi^p{XY). 
Thus (|127p follows from the equality 



( 



n 



m [ — I {n} ' ~ n\ra 
which in turn derives from and (|100p . 

Now, we turn to the normalization factor (i.e. partition function) in (|125p which is 
given by 

^ l<c<<, 7 = \ ■•' / 

c^pN 

This is the p-adic L-function for the character x — ^ (c/ [S7]j Chapter 5, Theorem 
5.11) 

Z(/?) - Lp(/3, 1). (133) 

Moreover, notice that the Iwasawa construction of L- functions (c/. ^7\, Chapter 7, 
Theorem 7.10) yields a formal power series ^g{T) E Zp[[T]]^ such that (with q as 
in ([M]) ) the following equality holds 

LpiP, l)=g ((1 + qf - 1) / (1 - (1 + qy-P) , V/? G (134) 

Since -^giT) £ Zp[[T]]^ is invertible (c/. 1^7\ Lemma 7.12), this gives the required 
result. □ 

Note that Z{(3) has a pole at /3 = 1, with residue given by 

1 V 1 = fMl ^ P ~ ^ 

Proposition 7.12, When /3 — > 1 one /ias 



limZ(/3)-^Zp(-,/3) = <^ ^ b " . (135) 
^ ' b I otherwise. ^ ' 
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Proof. Assume first that |- ^ Z. Then ^ — p{Ca/b) is a non-trivial root of unity, 
whose order to > 1 divides b which is prime to p and hence prime to q. Thus using 
the decomposition IjhqTL = IjqTL x IjhTL we get 

c^pN 

If ^ G Z the result follows from the above discussion. □ 

Notice in particular that the limit of the functional values /3) as /3 ^ 1 

is independent of values of p (i.e. independent of the choice of cr S ^p)- Ii^ the 
complex case, the functional values for /? > 1, are given by the formula ([M)) . In 
that case, we shall now check directly that for /? G C, 5R(/3) > 1, the functional 
values determine p : Q'^^'^ C as an embedding of the abstract cyclotomic field 
Q'^y'^ in C. 

Lemma 7.13. (1) Let A € Z*, X ^ ±1. Then the graph of the multiplication by X 
in Q/Z is a dense subset ofW/Z x M/Z. 

(2) Let e Aut((Q/Z)(p)). Assume that 6 ^ {±p^}. Then the graph of 9 is dense 
in R/Z X R/Z. 

Proof (1) The set G = {{a,Xa)\ae Q/Z} is a subgroup of M/Z x M/Z and so is 
its closure G. If G were not dense, then there would exist a non-trivial character 
X of the compact group M/Z x K./Z whose kernel contains G. Thus there would 
exist a non-zero pair (ti, m) G Z'^ such that na + mXa £ Z, for all a € Q/Z. 
This would imply that the multiplication by A G Z* in the group Q/Z = Aq y/Z 
( Aq, / are the finite adeles) ought to fulfill na + mXa G Z , Va G Aq, / . This implies 
{n + mXp)a G Zp , Va G Qp and hence n-|-TOAp = for all primes p. If n/m ^ {ilji 
this contradicts the fact that A G Z* i.e. Xp G Z* for all p. 

(2) By Lemma 18.61 the group Gp = Yli-ip is the group of automorphisms of 
the group ((Q/Z)^^) viewed as the additive group F = Yli^p'^^/'^e- Let X G Gp 
represent 9 G Aut((Q/Z)(p)). Then the same proof as in (1) shows that if the graph 
of 9 is not dense, there exists a non-zero pair (n, to) G Z^ such that n + mXi = 
for all primes £ ^ p. It follows that -n/m G {±p^} and 9 G {±p^}. □ 

From Lemma [7.131 we derive that, if / : {z G C | [zj = 1} — > C is a continuous 
non-constant function, and pj : Q'^^'^ — > C, are injective, an equality of the form 

f{pi{Ca/b)) = f{P2{Ca/b)) , Va/6 G Q/Z (136) 
necessarily implies that p2 ~ pi or p2 = pi. In the latter case one also gets 

/(Z)=/(Z), V2, \Z\ = 1. 

By uniqueness of the Fourier decomposition however, this case cannot occur if 
/W = E,T=i'^~^^", for 5Re(/3)>l. 

Next, we fix an integer (3 — 1 — m^l — kip{q)^ fc > 0, and we investigate the 
dependence on p in the expressions (|12ip . 

For a chosen pair of embeddings p,p', assume that Zp{^,f3) ~ 2'p/(|-,/3) holds for 
all a/ 6 G {Q/'Zi)^P\ i.e. the equality holds for all fractions with denominator b prime 

32 



to p. It follows from (jl2ip that one has (with Fr the Frobenius automorphism of 

hni-i „ ^ 

(l-|,™-iFr)-iZ,(-,/3) = P(CaV)^™(l)eQ^ (137) 

1<C<0 

Thus we get 

E P(Ca/6)S™(^)= E P'(C/J^™(l) Va/6e(Q/Z)(P). (138) 

l<c<& l<c<6 

Since both p and p' are isomorphisms of the group of roots of unity in '^^'^■^ with 
the group of roots of unity in Cp of order prime to p, there exists an automorphism 
d e Aut((Q/Z)(P)) such that /9'(Ca/b) = p(Cs(a/fa)) for all ajh e (Q/Z)'?'). One has 

E p'(Ca/b)i?™(^)= E /'(C(c/.))s™(^)= E p(C/J^-(^"'(^))- 

l<c<6 l<c<f) l<c<fa 

By uniqueness of the Fourier transform for the finite group Z/feZ, (jl38p yields the 
equality 

Bm(^"'(^)) = S™(^) Vc/6 e (Q/Z)W. (139) 
Lemma 7.14. Let p > 2 and let 9 e Aut((Q/Z)(P)). If 6 e {±1} one has 

Zp{^,P)=Zg,p{^,l3), Va/fee (Q/Z)(P), PeDp. (140) 

If 9 ^ {il} '"^'^ /3 = 1 — 771 = 1 — kip{q), k > 0, then the functionals Zp{-, /3) and 
^eop(-,/3) are distinct. 

Proof. To prove p40p we can assume that 6* = —1 i.e. that 0{(g^/ij) = fo"" 
a/b e (Q/Z)(P). Then we have, with p' = 6 o p: p'iQ/b) = PiC/b)- Let first 
/3 = 1 — m = l — k(p{q). One has 

E '^'(Ca/J^™(^)= E /^(Ca/JS™(^)- 

l<c<6 0<c<6-l 

Since m = kip{q) is even, the Bernoulli polynomial _B„j fulfills the equality 

B„^{l - x) = B„,{x) , Vm e 2N . (141) 

Thus (|140p follows for all values /3 = 1 — m = 1 — fc(/3((7). Since these values admit 
as an accumulation point, one derives the equality of the analytic functions on 
their domain Dp. 

Now, we assume that 9 ^ {ztp^}. Then it follows from Lemma [7.131 that the graph 
of 9 is dense in M/Z x R/Z. Thus ()139p implies that Bm{x) is constant which is a 
contradiction. It remains to show that for non-zero powers p° of p one cannot have 
an equality of the form 

B„(x) = B^{p''x - [p'^x]) , Vx G [0, 1] 

where [p'^x] is the integral part of p'^x. In fact, this would imply that Bm{x) — 
Bmip°'x) has infinitely many zeros, thus Bm{x) = Bm{p°'x) which is a contradiction. 

□ 
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7.5. Extension of the KMS^ theory to the covering of Cp. In this section we 
sliow tliat tlic construction of tlie KMS^ states (fp.p, for /3 G Dp, extends naturally 
to the covering of Cp defined by the following group homomorphism 

M ^ D{1, 1-) 3X^13 = £{X) ^JP^ e Cp (142) 

\ogp{l + q) 

where AI ~ 1^) is the open unit disk in Cp with radius 1, viewed as a multi- 
plicative group. Up to the normalization factor logp(l + q), this group homomor- 
phism coincides with the definition of the Iwasawa logarithm, it is surjective with 
kernel the subgroup of roots of unity of order a p-power (c/. |32| . Theorem p. 257) 
and it defines by restriction a bijection 

£:{XeM\\X~ l|p < p-i/(p-i)} ^ Dp (143) 

whose inverse is given by the map 

Dp 3 13^ V'(/3) = (1 + qf = exp(/31ogp(l + q)). (144) 

By construction, this local section is a group homomorphism which allows one to 
view the additive group Dp as a subgroup of M. 

We start by extending the definition of the functions r^''^ as in ([95]) which were im- 
plemented in the construction of the automorphisms cr^'^-' G Aut(Hp^'') (c/. Propo- 
sition [73]) . For r £ Z^^^ the equality 

defines a group homomorphism from Z^^j to the additive group Zp. 
Lemma 7.15. For /3 G Dp, r G Z^^^ and A = (1 + q)^ one has 

(r)^ = A*''^'^) , rC^) = uj{r) A'''^''^ (146) 

Proof. One has logp(r) = Zp(r) logp(l + q) e qZp. Thus |/31ogp(r)|p < p-i/(P-i) 
and 

{rf = exp(/?logp(r)) = exp(/3zp(r) logp(l + 9)) = {1 + qf'"^"-^ = A^-W. 
The second equality follows from the definition □ 



Proposition 17.31 and its proof thus extend from Dp to M. This means that for 
A G M there exists a unique automorphism a[X] G Aut('Hj?^'') such that 

a[A](Aae(7)M6) = c.(6/a)A'-(''/'^)/i,e(7)/i6 , Va, 5 G I{p), 7 e (Q/Z)^^). (147) 

Next, we extend the construction of the linear forms fp,p given in i j7.3l It is 
sufficient to extend the definition of the functions of Lemma 17.61 (which we proved 
to be independent of the choice of / 7^ multiple of bq) 

To define the sought for extension it is convenient to express the above function in 
terms of the p-adic L- functions Lp(/3,x) associated to even Dirichlet characters of 
conductor /^^ prime to p. By definition, a Dirichlet character x is a character of 
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the multiplicative group Z* and its conductor is the integer such that the kernel 
of X is the kernel of the projection Z* {TLj j^JL)* . The definition of Lp{(i,x) is 
similar to (|148p precisely as follows 

where / is any multiple of pf^ and where x h^is been extended to a periodic function 
of period vanishing outside (Z//^Z)*. We recall that the L-function Lp{f3,x) 
is identically zero when the character x is odd, i.e. when x(~l) = ^1 (c/ |32] 
Remarks p. 57). Moreover when x is even, non-trivial, and its conductor is prime 
to p, there exists an analytic function on M such that (c/. [37] Theorem 7.10) 

Lp{P,x)=H^iil + qf),ypeDp. (150) 

The extension of the functions Zp{^^P) to M is a consequence of the following 

Lemma 7.16. For any a/h e (Q/Z)^^') i/iere ea;«ste coefficients c{d,x) & Cp suc/i 
that 

Zp{^,l3)^Y. c{d,x}Lp{f3,x)d-'{dy-^l[{l-xm-'{ey-^) (151) 

where d varies among the divisors of h, and, for fixed d, x varies among the set of 
Dirichlet characters whose conductor f^ divides m = b/d. The integers i are the 
primes which divide raj f^ but not f^. 

Proof. Let b be an integer prime to p, and g £ C(Z/feZ,Cp). The expression 

Yig,P) := i gic) f^±['-/) ({)' 5„ /3 e Dp (152) 

is independent of the choice of the multiple / 7^ of bq. Let % be a Dirichlet 
character (with values in Cp) with conductor and let m be a multiple of 
Then the following defines a multiplicative map from Z / mZ to Cp 

If m divides 6 and one replaces x with z{x,rn) in (|149p one obtains instead of 
Lp{j5,x) the function 

r(z(x,™),/3) - Lp(/3,x)n(l - x(^)^-'(^)'-'') (154) 

where the integers (. are the primes which divide rnj f^ without dividing Next, 
define for any divisor d of 6 and any function h G C{'L/m'L^ Cp), m ~ b/d, 



h{a/d) iid\a 
otherwise. 



ed{h){a) -- 
One then gets 

Y{ei{h), /3) = d-i(d)i-'9y(/i, /3). (155) 
Thus using (|154p and (|155p it is enough to prove that for any function g £ C{'L/h'L, Cp) 
there exists coefficients c{d, x) € Cp such that 

gic) = X! c{d,x)ed{z{x,b/d)). 

d\b,x 
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It is in fact enough to check this for g — 6a where a G Z/6Z. Let then d be the gcd 
of a and b. One has Sa = edi^c) where c = a/d is prime to m = b/d. Moreover for 
any element c e (Z/mZ)* one has 

Sc{x) = V X(c)"^2;(x,™)(a;) , Va- e Z/mZ, 
ip{m) ^ 

which gives the required equahty. □ 
We thus obtain the fohowing extension of Theorem 17.111 

Theorem 7.17. There exists an analytic family of functionals ip\^p, A € M, on 
such that 

• V'A,p(l) = l. 

• ^A,p fulfills the KMS condition 

%ljx,p{xa[\](y)) = ipx^p{yx) , Vx, y € (156) 

• For j3 G Dp and A = (1 + q)^ one has 

-0A,p Z(/3)"V/3,p- 

Proof. It follows from (|134p that there exists an analytic function z(A) of A e M 
such that 

Z(/3)"i = (l + g-A)z(A), \ = {\ + qY. 

By applying (|150p . Lemma 17.151 and Lemma 17.161 we see that there exists, for 
b £ I{p) and a/b ^ Z, an analytic function Haj,{X) of A S M such that 

Z,(^,/3)=i/,,,(A), A=(l + g)^. 

This proves the existence of the analytic family of functionals t/'a,^ fulfilling the 
required conditions. □ 

8. Extension of the p-ADic valuation to Q'^^'^ 

For a global field K of positive characteristic {i.e. a function field associated to a 
projective, non-singular curve C over a finite field ¥q) it is a well known fact that 
the space of valuations of the maximal abelian extension K*^^ of K has a geometric 
meaning. In fact, for each finite extension E of Fg (g)F, K C K'*'' the space Val(i?) 
of (discrete) valuations of E is turned into an algebraic, one-dimensional scheme 
whose non-empty open sets are the complements of finite subsets F C Val(_E). The 
structure sheaf is locally defined by the intersection i? of the valuation rings 
inside E. Then the space Val(K'*'') is the projective limit of the schemes Val(£'), 
E C IK^'". 

For the global field IK = Q of rational numbers, one can consider its maximal 
abelian extension 'Q^^'^ as an abstract field (c/. Definition 18. ip and try to follow a 
similar idea. In Section [HI we will see however that the space Va^Q'^^'^) provides 
only a rough analogue, in characteristic zero, of Val(K'*'^). This section develops the 
preliminary step of presenting 5 different but equivalent descriptions of the space 
Valp(Q'^y'^) of extensions of the p-adic valuation of Q to the abstract cyclotomic 
field Q'^^'^. The field Q'^^'^ is the composite of the field generated by roots of unity 
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of order a p-power and the field Q'^^'^'P generated by the roots of unity of order 
prime to p. We deseribe canonical isomorphisms of Valp(Q'^y'^) witfQ: 

(1) The space of sequences of irreducible polynomials Pn{T) £ ^p[T], n € N, 
fulfilling the basic conditions of the Conway polynomials (c/. Theorem 18 .7^ . 

(2) The space Sp of bijections of the monoid M{p) = /x^^^ U {0} of roots of unity 
of order prime to p which commute with their conjugates, as in Definition 18.51 (c/. 
Proposition [ 



(3) The space Hom(Qp^ ^iQp) of field homomorphisms, where >\£pj. 
the fixed field under the Frobcnius automorphism (c/. Proposition [832]) • 

(4) The quotient of the space Xp of Definition 14.31 bv the action of Gal(Fp) (c/. 
Proposition 18. 14p . 

(5) The algebraic spectrum of the quotient algebra Fp[(Q/Z)'^P)]/ Jp, where Jp is 
the reduction modulo p of the cyclotomic ideal (c/. Definition 18.11 and Proposition 

Em. 

Incidentally, we notice that (1) describes the link between Valp(Q'^^'^) and the 
explicit construction of an algebraic closure Fp of Fp, by means of a sequence 
of irreducible polynomials over Fp, fulfilling the basic conditions of the Conway 
polynomial^ Theorem 18.71 states that the map which associates to a valuation 
V € Valp(Q'^y'^) the sequence {Pn} of characteristic polynomials for the action (by 
multiplication) of the primitive root ^ i S Q'^y'^'P on the residue field of the re- 
striction of v to Q'^y'^'P, determines a bijection between Valp(Q'^^'^) and sequences 
of polynomials in Fp[r] fulfilling the basic conditions of the Conway polynomials. 

Definition 8.1. The abstract cyclotomic field 0^^^ is the quotient of the group ring 
Q[Q/Z] by the ideal J generated by the idempotents 

n — 1 

n^ = -ye{^-), n>2. (157) 
n ^ — ' n 

3=0 

In general, if we let 

fe-i 

au{x) = Y,x\ (158) 

3=0 

then one knows that the n-th cyclotomic polynomial ^^(a;) is the gcd of the poly- 
nomials o'm(a;''), for m > 1, m\n and d = n/m. For x = e(l/n), and n = md one 
has 

m— 1 

(Jra^x''-) = ^ e{j/m) = mTT™ e J 

3=0 

thus $„(e(l/7i)) G J. It follows that the homomorphism 

Po:Q[Q/Z]/J^C, po(e(7)) - e^-^ (159) 

induces an isomorphism of Q'^y'^ with the subfield of C generated by roots of unity. 

Using the identification Q/Z = Aq/Z the group Z* acts by automorphisms of Q/Z 
and hence by automorphisms of the group ring Q[Q/Z]. This action preserves 



^whilc we believe these results may be known we give the complete proofs for completeness 
^Conway polynomial: 
a lexicographic ordering 



^Conway polynomials provide a particular example of such sequence, they are selected using 
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globally the n-torsion in Q/Z and hence fixes each of the projection 7r„. It follows 
that it leaves the ideal J globally invariant and hence it induces an action on the 
quotient field Q'^y^ This action gives the Galois group G = Ga^Q'^y'^ : Q) ~ Z* 
which acts on roots of unity as it acts on Q/Z. For each prime p, one has = 
rational prime) 

G = ]^z| = z; X Jl = z; X Cp. (leo) 

One lifts Z* to the subgroup Z* x 1 c G, with all components equal to 1 except 
at p. This subgroup acts trivially on (Q/Z)(p). Its fixed subfield Q'^-^'^^p C (T^'' is 
the subfield of Q'^y^ generated over Q by the group ^'^P'' C Q'^^ of roots of unity of 
order prime to p. It coincides with the inertia subfield 

for any extension v £ Valp{Q'^y) of the p-adic valuation to Q'^^. More precisely 
let (Q'^y'^)u be the completion of Q'^^'^ for the valuation v. Then one knows that the 
composite subfield Qp ■ Q'^^ C {Q'^y)v is the maximal abelian extension of Qp. 
This extension is the composite (c/. [Mj) 

Qf = Qp ■ Qp- (162) 

where Qp'' denotes the maximal unramified extension of Qp and Qpoo is obtained 
by adjoining to Qp all roots of unity of order a p-power. The translation Theorem 
of Galois theory gives a canonical isomorphism (by restriction) of Galois groups 

Gal(Qf :Qp)^Gal(Q^y^:Q=y^nQp), a^alq^y^. (163) 

The decomposition subfield: Q'^^ D Qp is independent of the choice of the valuation 
V G Valp(Q'^y'^) since G is abelian and acts transitively on Valp(Q'^y'^), more precisely 
one has the following classical result 

Proposition 8.2. (1) The group Gp = Yii^p^e group of automorphisms of 

the group (Q/Z)(p). 

(2) The inertia subfield Q'^y^^P is the fixed subfield of Z* d G and its Galois group 
is canonically isomorphic to Gp acting on ii^P") C Q'^y^'P as it acts on (Q/Z)*-^^. 

(3) Let fp G Gp be the element of Gp = Y[e=ip ^\ with all components equal to p. 
Then the associated automorphism Fr G Aut(Q'^y'^'P) is the unique automorphism 
which acts by x ^ on the multiplicative group ^^^^ C Q'^y^'P. 

(4) The fixed subfield Qpf ^p C Q'^^'^'P of Fr is the decomposition subfield Q'^^'^ n Qp. 

(5) The group G = Gal(Q'^y'^ : Q) acts transitively on Valp(Q'^y'^) with isotropy 
Z* X /p , where fp C Gp is the closure of f^. 

Proof (1) Let F = (Q/Z)(p) viewed as a discrete group. The Pontrjagin dual F is 
the product Yie^p'^t- We claim that the group of automorphisms of F is 

Aut(F) = J|Z|. (164) 

e^p 

Indeed, one has F = Yli'^^pQe/'^e, so that the dual of F is Yle^p'^e- This is a 
compact ring which contains Z as a dense subring. Thus an automorphism 6 of 
the additive group is characterized by the assignment a = 9{1) and is given by 
multiplication by a. Invertibility shows that a G Ylg^p'^l- This proves (|164p . 
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(2) Under the isomorphism (|163|) the Galois group Gal(Qp=o : Qp) ~ Z* becomes 
the subgroup Z; x 1 c G. The fixed subficld of this subgroup is Q'^^'^^p C Q'^^'^ and 
is the inertia subfield of Q'^^'^. The quotient G/Z* is canonically isomorphic to Gp. 

(3) Under the isomorphism Gal(Q'^^'^'P : Q) = Gp the action of Fr on /i^^^ corre- 
sponds to the muhiphcation by p in (Q/Z)^^'). 

(4) The Galois group Gal(Qp'' : Qp) ~ Z is topologically generated by the Frobenius 
automorphism Frp whose action on the roots of unity of order prime to p is given 
by Frp(^) = ^p. Under the isomorphism (|163p this automorphism restricts to the 
automorphism Fr e Aut(Q'=y'^'P). Notice that the fields Q^'^'-'P and Qp are linearly 
disjoint over their intersection 

K = Q^^y^^p n Qp = ^T^'^ n Qp . (165) 

Then, the translation theorem in Galois theory shows that, by restriction to Q'^^'^'P, 
one has an isomorphism 

Gal(Q;j'- : Qp) ^ Gal(Q=y^'P : A'), Frp ^ Fr. 

This shows that K is the fixed subfield Qpf C Q'^^'^'P of Fr. 

(5) It is well known that the Galois group acts transitively on extensions of a 
valuation. Moreover the isotropy subgroup is the subgroup of the Galois group 
corresponding to the decomposition subfield and is hence given by Z* x . □ 

Corollary 8.3. The natural map Valp(Q'^y'') Valp(Q'^'"^'P) given by restriction 
of valuations is equivariant and bijective. 

Proof. The restriction map is equivariant for the action of G on both spaces, these 
actions are transitive and have the same isotropy group so the restriction map is 
bijective. □ 

In fact it is worth giving explicitly the unique extension of a valuation v E Valp(Q'^y'^'P) 
to Q'^^'^. The latter field is obtained by adjoining to Q'^y^'P primitive roots of unity 
of order a power of p, i.e. a solution z of an equation of the form 

^(p-Dp—i ^ /p-2)p—' +... + 1=0. 

One writes z ~ I + tt and finds that the equation fulfilled by tt is of Eisenstein 
type, the constant term being equal to p, and reduces to tt'^^"' = 0, modulo p. This 
shows that 

v{n) = ^ ^(n) = (p-l)p™-i. 

Then the valuation v, normalized so that v{p) = 1, extends uniquely to elements of 
the extension Q'^y'^'P[z] by setting 

v{ao + a,Tr + ... + a^(„)_i^'^(")-i) = inf{i;(a,) + -^}. (166) 

Remark 8.4. The decomposition subfield Qp n Q'^'"^ is an infinite extension of Q 
which contains for instance ^/n for n a quadratic residue modulo p. Its Galois group 
Gal(Qp n Q'^y^ : Q) is the quotient of Gp by the closure of the group of powers of 
fp and is a compact group which contains for each prime I ^ p the cyclic group of 
order i ~ \ coming from the torsion part of Z^ . 
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Definition 8.5. Let A4{p) = {0}Llfi^P^ be the monoid obtained by adjoining a zero 
element to the multiplicative group ii^P^^ . We denote by T,p the set of bijections s : 
Ai{p) — > Ai{p) which commute with all their conjugates Ro so R^^ under rotations 
R by elements of t'!^^\ and fulfill the relations: s(0) = 1, s^ — s o s o . . . o s = id. 

The maps s encode the addition of 1 on A^(p), when one enriches the muhiphcative 
structure of the monoid Ai{p) with an additive structure turning it to a field of 
characteristic p {i.e. an algebraic closure of Fp). Notice that using distributivity 
the addition of 1 encodes the full additive structure (c/. [T2]). 

Lemma 8.6. The group Gp = Il^^itp ^£ '^'^^^ transitively on Ep with isotropy f^ C 
Gp. 

Proof. We check that Gp acts transitively on Ep. Let Sj G Ep, for — 1,2 and 
let IK(sj) be the two corresponding field structures on ^A{p). Then the two fields 
K(sj) are algebraic closures of Fp and hence they are isomorphic. We let : 
K(si) — ^ ]K(s2) be such an isomorphism. By construction 6 is an automorphism of 
the multiplicative group ^^^^ and it transports the operation si of addition of 1 in 
into the operation S2 of addition of 1 in K(s2). Since the Galois group of Fp 
is topologically generated by the Frobenius x ^-^ one gets, using Galois theory, 
that the isotropy of any s S Ep is the closure of the group of powers of /p, i.e. the 
subgroup fp d Gp. □ 

We are now ready to state the main result of this section 

Theorem 8.7. An element v G Valp((Q'^'"^) is entirely characterized by a sequence 
of polynomials Pn{T) S Fp[T] of degree n> 1, such that 

• each Pn{T) is monic and irreducible. 

• T G ¥ p\T] / {Pn [T)) is a generator of the multiplicative group of the quotient field. 

• For any integer m\n and for d = (p" — l)/(p™ — 1), P,n{T'^) is a multiple of 

Pn{T). 

Proof. The first step in the proof is to construct a natural map Valp(Q'^^'^) 9 w 
Sy G Ep. We know that Qp C (Q'=y'^)„ and that ^(p) U {0} C Q^^^^ thus we consider 
the valuation ring Z"^' C [W^'')v of Q^^ It contains Zp and /i^^^. Note that the 
ring generated by Z and ^'■P'' is the ring of integers of the subfield Q'^^'^'P c <Q^^'^ 
generated over Q by /i^^^. One has the diagram of inclusions 



Fp ^ Z-- ^ Z- n Q^y^ ^ ^(p) u {0} (167) 



Fp Zp ^ Zp n ^ r(Fp) 

where t : Fp ^ Zp is the Teichmiiller lift. Note that T(Fp) C ZpHQ'^'''^ since this hft 
is formed of roots of unity (of order p— 1). In the middle line of the above diagram, 
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the composite map e from /i^^' U {0} to Fp is an isomorphism of muhiphcative 
monoids. Indeed, the Teichmiiller hft Fp 9 x i—> t{x) E "L™ gives the inverse map. 
Since Fp is a field one can transport its additive structure using e and one obtains 
a unique element Si, £ Sp. 

Proposition 8.8. The map Valp(Q'^y'^) 9 w i-> Si, e Sp is a bijection and is 
equivariant for the action of Gp = Gal(Q'^'*"^'P : Q). 

Proof. The action of Gp on the subset /i^^^ is the one described in Lemma [521 This 
shows that the map u i— is equivariant. Since both spaces Valp(Q'^'"^) and Sp 
are homogeneous spaces over Gp with the same isotropy groups C Gp as follows 
from Lemmas 18.21 and 18. 6i the map v i— > Si, is bijective. □ 

We can produce a concrete construction of the valuation v associated to the map 
Sy. One first determines v on the subfield Q'^^'^'P c Q'^^'^. It is enough to determine 
the valuation v on elements of the form 

Let i^T = Fp be the algebraic closure of Fp obtained by endowing the multiplicative 
monoid /x'^^^ U {0} with the addition associated to Sy. One then has 

vix)^Wp(j2^Mij)) (168) 

where Wp is the p-adic valuation in the Witt ring Wpoo (K) and t the Teichmiiller 
lift. Finally since the field Q'^^^ is the composite of the subfields Q^^'^'P and the 
fixed field of the action of Gp C Z* = Gal(Q'^y'^ : Q) which is generated by roots of 
unity of order a p-power. one can use p66p to extend the valuation v uniquely to 

Qcyc^ 

We are now ready to complete the proof of Theorem 18. 7i i.e. we prove that: 

Lemma 8.9. An element s € Sp zs entirely characterized by a sequence Pn{T) of 
polynomials o/Fp[r] fulfilling the Conway conditions as in Theorem \8.7\ 

Proof. Let s e Ep. For each n £ N, let IK„(s) be the corresponding field structure 
on the union {0} U M^^H"): where fi'^P^n) is the group of roots of unity of order 
— 1 in Q'^y'^ generated by ^ = e( p„^_-^ ). The Fp vector space K„(s) is of dimension 
n since its cardinality is p". The canonical generator ^ of ijSP\n) acts on the Fp 
vector space K„(s) by the multiplication M^. We let Pn{T) be its characteristic 
polynomial i.e. the determinant Pn{T) = det(T — M^). It is a monic polynomial 
of degree n with coefficients in Fp. In the field K„(s) one has Pn{C) = Oj since 
fulfills its characteristic equation. Thus we derive a homomorphism of algebras 
p : Fp[T]/(P„(T)) — >• K„(s) which sends T i->- ^. It is surjective since any non-zero 
element of IK„(s) is a power of ^. Since Pn{T) has degree n, the two algebras have 
the same dimension over Fp and thus p is an isomorphism. It follows that P„ (T) is 
irreducible over Fp. The second property of Pn{T) also follows, since ^ is a generator 
of the multiplicative group. Now let m\n be a divisor of n. Then r ~ — 1 divides 
fc = — 1 and the group p!^^\m) is a subgroup of p'^P\n). Thus one has a field 
inclusion IKm(s) C K„(s), where the canonical generator = ^{ pm^i ) of ^^(s) 
is sent to where is the canonical generator ^„ = e{—^^) of K„(s) and 
{p"" - - 1). One has Pm{£.,n) = and hence Pm(C^) = so that, using 
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Figure 1 . The elements of F25 and roots of unity 
the above isomorphism p, it follows that the polynomial P„i{T'^) is a multiple of 

PniT). 

Conversely, given a sequence P„ (T) of polynomials fulfilling the conditions of the 
theorem, one constructs an algebraic closure Fp and an isomorphism 

as follows. One lets for each n, K„ = Fp[r]/(P„(r)) and one gets an inductive 
system using for m\n the field homomorphism which sends the generator T,„ of K,„ 
to T^, d= (p" — l)/(p™ — 1). The inductive limit K = lim]K„ is an algebraic closure 
Fp of Fp and the map r„ i-> e^'^*/*^, k = — 1, defines an isomorphism j of F* 
with ii'-P'f . Note that this construction makes sense also for n = 1 and that the first 
polynomial is of degree one and thus picks a specific generator of the multiplicative 
group of Fp. One checks that the sequence of polynomials associated to the pair 
(Fp,j) is the sequence P„(T'). Thus there is a complete equivalence between ele- 
ments s € Sp and sequences of polynomials fulfilling the Conway conditions of the 
Theorem. □ 

To make the above map from Sp to sequences of polynomials more explicit we 
introduce the "trace invariant" of an clement s G Sp. We continue to denote by 
IK„(s) the field structure on the union {0} U ^i^P\n), where n^P^n) is the group of 
roots of unity generated by ^ = e{—;;^). In particular, Ki(s) is a field uniquely 

isomorphic to Fp. Let rj g /i^^-*, then the orbit O = {Fr'^(77) | fc G N} of the map 

42 



X I— >■ Fr(a;) = is a finite set, let \0\ be its cardinality. Then the following sum 

tr,(0) = 5]r; (169) 
o 

computed in any K„(s), for lO] |n is the same and determines an element of Ki (s) = 
Fp. 

Definition 8.10. Let 0(p) he the space of orbits of the map x H- Fr(x) x^ acting 
on /i^P) . Let s e Ep . We call the map 

trs:0(p)^Fp, 0^iYs{0) (170) 

the trace invariant of s. 

The trace invariant characterizes s as shown by the next Proposition. 

Proposition 8.11. Let s € Sp. Then for each n G N the polynomial Pn{T) G Fp[r] 
associated to s by Lemma \8.9\ is given by 

n-l 

P„(T) = T" + ^(-l)^(TfeT"-'^ (171) 
fe=i 

for 

ak= tr.s(0), (172) 

where Dk C (Q/Z)^^) is the set of fractions —^rzi where 1 < a < p" — 1 and the 
digits of a in base p are all zeros except for k of them which are equal to 1 . 

Proof. In the field IK„(s) the n roots of the polynomial Pn{T) are the elements 
sC pifli )i for j = 0, ... ,n — 1. For each k = 1, . . . ,n, the set of products of k 
distinct roots is the set of elements of the form 

r c {0,1, 1}, \y\ = k. 

One thus gets that the fc-th symmetric function at of the roots of Pn{T) is given 
by the sum (|172p . over orbits O satisfying the prescribed condition O C Dk- □ 

We now give a third equivalent description of the space Valp(Q'^^'^). We recall that 
the decomposition subfield QpDQ'^'^^ is independent of the choice of w G Valp(Q'^y'^) 
and is equal to Qpf C Q^^". 

Proposition 8.12. The map 

P : Valp(Q^y^) -> 77om(Q=pf -P, Qp), P{v) = /3„ : Q^^^f C Qp 

where the fields inclusion /3„ derives from (jl65p . determines a canonical and equi- 
variant isomorphism of sets. 

Proof. Notice that the inclusion /3„ : Qp^'^'P C Qp depends upon the choice of the 
valuation v. One has /3i, G Hom((Qp^'^'P, Qp) and the map v Pv is equivariant for 
the action of Gp//| on Valp(Q'=y^) and on the space Hom(Qpf 'P, Qp) by 

Hom(Q;:,f ^P, Qp) 9 /3 /3 o 7 , V7 G Gp = GaKQ^^^^P : Q). (173) 

Since for both spaces the action of Gp/f^ is free and transitive, it follows that the 
map /? is bijective. □ 
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Wc let Z[(Q/Z)(P)] be the group ring of (Q/Z)(p) and let Fr e Aut(Z[(Q/Z)(P)]) 
be the Frobenius automorphism given by the natural linearization of the group 
automorphism ((Q/Z)(p) (Q/Z)(p), of multiplication by p {cf. Corollary [^. 
The natural ring homomorphism 

S : Z[(Q/Z)(P)] ^ Q'^y'^'P (174) 

is equivariant for the action of Fr, its image is the subring of integers of Q^^^^'P while 
the kernel is described by the intersection Z[(Q/Z)'^p^] n J, where J is the ideal of 
Definition The Fp-algebra 

Z[(Q/Z)(P)] (g>z ¥p = Fp[(Q/Z)(f)] (175) 

is perfect since the group (Q/Z)'-''-' is uniquely p-divisible. By restriction to the 
fixed points of Fr and composition with the residue map e : Zp — > Fp, one obtains 
the map 

Hom(Qg;''P,Qp) ^ Hom(Fp[(Q/Z)(P)]^'',Fp), a ^ res{a) ^ e o a o 6. (176) 

Note that elements of Hom(Fp[(Q/Z)^P)]^'', Fp) are finitely supported maps from 
0{p) to Fp, thus they can be lifted to elements of Z[(Q/Z)(p)]^''. One derives 

Fp[(Q/Z)(J')]P^ = Z[(Q/Z)(f)]F'- ®z Fp. 

Next, we show that the map res as in (|176p is injective. 

Proposition 8.13. Let v e Valp(Q'=>''^). We denote by Sy e Sp and /3„ : Qg'^'P 
Qp the corresponding elements as in Lemma \8.8\ and Proposition \8.12[ Then the 
trace invariant map of Sy has the following description 

tr,^ =res(/3,„). (177) 
The map res as in (|176p is injective. 

Proof. The additive structure s„ on A4{p) = {0} U fj-^P"^ is the same as that of the 
residue field of the completion Q'^^'^'P for the restriction of v. It follows that on each 
orbit O of the action of Fr on (Q/Z)^^'^ the sum tr^^ (O) coincides with the residue 

o 

Since u = 6{w) where w = Eo^ ^ Z[{Q/Z)'^P^f' one gets (fT77|l . Then, it follows 
from Proposition 18.111 that the map res is injective. □ 

We now briefly explain how one can reconstruct a £ Hom(Qp'J^'^'P, Qp) from its 
residue res(a), using the Witt functor Wpo=. Given <r e Hom(Fp[(Q/Z)(P)]P^ Fp), 
the Witt functor Wpoo yields a homomorphism 

Wpoc(^) e Hom(Wpoc(Fp[(Q/Z)(P)]P'-),Zp). (178) 

If <r = res(a), one can reconstruct a directly using Wp^{^). This gives a direct 
proof of the injectivity of the map res. Indeed, for an orbit O of the action of Fr 
on (Q/Z)(P), the element (r = Teichmiiller hft) 

^.(O) - ^(") ^ (Fp[(Q/Z)(P)]) 
o 
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is fixed by the Frobenius, i.e. z/(0) e Wp= (Fp[(Q/Z)(?')]''0. One then sees that 

= Wp^ (0(1^(0)). (179) 




o 



Wc end this section by giving the relation between — Valp{Q'^^'^) and the space 
Xp of aU injective group homomorphisms cr : — > (Q'^^'^)^ [cf. Definition 14. 3p . 

We recah that the Galois group Aut(Fp) is the closure of the group generated 
by the Frobenius /p. 

Proposition 8.14. LetWp be a fixed algebraic closure of¥p. Then 

(1) Gp acts freely and transitively on Xp. 

(2) The quotient of Xp by fp is isomorphic to Ep — Valp(Q'^^'^). 

Proof. Let a e Xp. The range of a is the group /i'^-* of all roots of unity in Q'^y'^ 
of order prime to p. Thus for a pair aj e Xp, j = 1,2, one has cti o G 
Aut((Q/Z)(P)) = Gp. This proves the first statement. For any isomorphism a : 
Fp — > (Q'=>"=)^ of the multiplicative group of the algebraic closure Fp with the 
group {Q/7j)^p\ the following defines an element s € Sp, 

s{x) = a{a-'^{x) + 1) , Vx 7^ -1 , s(-l) = 0. (180) 

All elements of Sp arise this way. Two pairs (Fp,crj), j ~ 1,2 whose associated 
Sj € Sp are the same are easily seen to be related by an automorphism 9 G Aut(Fp) 
i.e. a2 = (71 o 9. The second statement thus follows. □ 

Proposition 18.121 suggests a more appropriate equivalent description of Xp using a 
chosen algebraic closure Qp of the p-adic field and its completion Cp. 

Corollary 8.15. The map 

i: Xp^ 77om(Q'=y'^'P, Cp), a ^ t o a'^ (181) 

where is composed with the Teichmiiller lift to determine a field homomorphism 
from Q'^y^'P to Cp, is a bijection of sets. 

The canonical surjection Xp — ^ Sp of Proposition \8. 14\ (2) is the restriction map 
HomiQ-y^'^P, Cp) ^ Hom{q';^^'P, Qp). (182) 

Proof Let a e Xp, then cr^^ : (Q/Z)'*') ¥^ composed with the Teichmiiller hft 
T ; Fp OjfST C Cp extends to a unique homomorphism i{<T) E Hom(Q'^y'^'P, Cp). 
The map i is equivariant for the action of Gp on Xp as in Proposition 18.141 and 
on Hom(Q=y'^'P, Cp) by composition with elements of Gp = Ga^Q^y'^^P : Q). Since 
both actions are free and transitive, i is bijective. 

For any 7 S Hom(Q'^'"^'P, Cp), the range of 7 is the subfield of the maximal un- 
ramified extension Q^'' C Cp generated over Q by roots of unity of order prime to 
p. One has by construction 7 o Fr = Frp o 7. Thus the image 7(Qf^'^''') is con- 
tained in the fixed subfield Qp for the action of Frp on Q^''. This shows that the 
restriction map (fT82| is weU defined. For j = 1,2, let G Hom(Q'=y'=^P, Cp), then 
72^^ o 71 G Gal((Q'^y'^'P : Q) and this automorphism fixes Qp^'^''' pointwise if and 
only the restrictions 7j|Qj^y'^ p are equal. Since Gal(Q'^y'^'P : Qp'^'^'^) is topologically 
generated by Fr, this happens if and only if the are the same in the quotient of 

Xp by f^. □ 
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We implement the homomorphism S : Z[(Q/Z)'^^''] Q'^^'^'P of (|174p to associate 
to an element p G Hom(Q'^'^^^P, Cp) its residue 

res(p) ^eopoS e Hom(Fp[(Q/Z)(P)],Fp). (183) 

The image of 6 is the ring of integers of Q'^^'^'P, thus the image of p o (5 in Cp 
is contained in and the composite eo p o S is well defined. Moreover, since 

Ker(i5) = JnZ[(Q/Z)'^^'^], it follows that Ker(res(p)) contains the ideal Jp reduction 
of Ker(i5) modulo p. 

Proposition 8.16. Let A be the quotient algebra ¥p[{Q/Z)'^P^]/ Jp. Then 

(1) The map 

res : irom(Q'=y'='P, Cp) ^ Hom(A, fp), res(p) = eo poS (184) 
is a bijection of sets. 

(2) The algeb raic spectrum Spec [A) is in canonical bijection with the set Sp. 

(3) The canonical surjection Xp — > Ep of Proposition \8.14\ (2) corresponds to the 
natural map 

Hom{A,¥p) ^ Spec {A). (185) 

Proof. (1) For any integer m prime to p, the ideal Jp contains the projection (c/. 
Definition 18. ip = ^"^J^o^ Thus an element p G Hom(yl, Fp) is given 

by a group homomorphism p : (Q/Z)'^' — F^ such that (for m > 1 prime to p) 
Y^^=(^ ~ Notice that this equality holds if and only if p is injectivc and 

hence, by restriction to the finite level subgroups in the projective limit 
if and only if it is bijective. Thus (1) follows from the first statement of Corollary 

Em 

(2) Consider the finite field Fpn . Two generators of the multiplicative group Fp„ 
have the same characteristic polynomial if and only if they are conjugate under the 
action of the Galois group Gal(Fpn : Fp). This shows that the cardinality of the set 
/„ of irreducible primitive polynomials of degree n over Fp is ip{p" — 1)/?t-, where ip 
is the Euler totient function. Each of these polynomials P{X) divides the reduction 
modulo p of the cyclotomic polynomial $pn_i(X), thus one derives, modulo p, the 
following equality 

^p.-i{X) = \[P{X) (186) 

since the degrees of the polynomials are the same and the right hand side divides 
the left one. Moreover one also has 

This determines a canonical isomorphism 

An = Fp[/i(f)(n)]/(Jp n Fp[Ai(P)(n)]) ^ []Fp. (187) 

In 

and thus a canonical bijection of sets Spec(^„) In. Since A is the inductive 
limit of the Am Spec {A) is the projective limit of the /„, i.e. the space of sequences 
of Conway polynomials as in Theorem l8.7l This space is in canonical bijection with 
Sp. 

(3) follows from the proof of (2). □ 
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The restriction to the fixed points of the Frobenius automorphism Fr G Aut(^) does 
not change the algebraic spectrum as a set, thus we derive a canonical bijection of 
sets 

Spec (y^) 4 Spec (yt''^). (188) 
Finally, we characterize the image of the map res as in ()176|) . 

Corollary 8.17. Let e Hom{¥p[{Q/Z)'-P'>f'\¥p). Then ^ belongs to the image of 
the map res as in ([T76| if and only if Ker{c;) contains Fp[(Q/Z)(p)]'^'' n Jp. 

Proof. By (|188p . and Proposition l8.16[ (2), one has natural bijections of sets 

Sp ~ Spec {A) ~ Spec {A^') ~ Iiom{A^' ,¥p). 

Then, the statement follows by noticing that the elements of Hom(^^'', Fp) arc the 
elements of Hom(Fp[(Q/Z)(^')]''^ Fp) whose kernel contains Fp[(Q/Z)(p)]P'' n Jp. □ 

9. The base point problem and the "curve" for the global field Q 

In this section we compare the space Valp(Q'^^'^) of extensions of the p-adic valuation 
to Q'^y^ (studied at length in section [8]), with the fiber over a prime p of a space Y 
which represents, in this set-up, the analogue of the curve that, for function fields, 
plays a fundamental role in A. Weil's proof of the Riemann Hypothesis. Our results 
show that for each place v g S(Q), there is a natural model Yy for the fiber over 
V and an embedding of this model in a noncommutative space X{Cv) which is a 
w-adic avatar of the adcle class space Hq = Aq/Q*. 

We shall denote by K a global field. To motivate our constructions we first recall a 
few relevant facts holding for function fields. 

9.1. Adelic interpretation of the loop groupoid Ilf'{Xy for function fields. 

In this subsection we assume that IK is a function field. We let Fg C IK be the field 
of constants. Let IK be a fixed separable closure of K and let K'*'' C K be the 
maximal abelian extension of K. We denote by Fg the algebraic closure of the finite 
field Fg inside IK^'^. 

A main result holding for function fields is that for each finite field extension E 
of Fg (8)Fg IK the space of (discrete) valuations Val(£^) inherits the structure of an 
algebraic, one-dimensional scheme Xe whose non-empty open sets are the comple- 
ments of the finite subsets and whose structure sheaf is defined by considering the 
intersection of the valuation rings inside E. More precisely, Val(£') coincides with 
the set of (closed) points of the unique projective, nonsingular algebraic curve Xe 
with function field E. 

We recall (c/. [21] Corollary 6.12) that the category of nonsingular, projective al- 
gebraic curves and dominant morphisms is equivalent to the category of function 
fields of dimension one over Fg. Thus, one associates (uniquely) to IK'^'^ = lim^ E 
the projective limit X'^^ = 1™^ Xe which is the abelian cover X'^^ — >■ X of the non 

i E 

singular projective curve X over Fg with function field K. By restricting valuations, 
one also derives a natural projection map 

^ . ^ab ^ Val(K^^) ^ E(K) 

onto the space I](IK) of valuations of IK. Thus, in the function field case one de- 
rives a geometric interpretation for the natural fibration associated to the space of 
valuations of the field extension K'^'^ D IK. 
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In [13] we have given an adelic description of the loop groupoid Ilf^{Xy of the 
abehan cover X^^ — ^ X. We recall that the adele class space Ak/K* of any global 
field K has a natural structure of hyperring Hk (c/. [13J) and that the prime elements 
P(Hk) of this hyperring determine a groupoid. The units of this groupoid form the 
set I](K) of places of IK and the source and range maps coincide with the map 

s : P(Hk) ^ 

which associates to a prime element of Hk the principal prime ideal of Mk it gen- 
erates (and thus the associated place). When IK is a function field, the groupoid 
P(IH[k) is canonically isomorphic to the loop groupoid Ilf^{Xy of the abelian cover 
j^ah _^ ^j^^ ^Yie isomorphism is equivariant for the respective actions of the 
abelianized Weil group (i.e. the sub group of elements of Gal(K'*'' : K) whose 
restriction to is an integral power of the Frobenius), and of the idele class group 
Ck = A*/IK*. 

It follows that, as a group action on a set, the action of W'^^ on Val(IK'''^) is iso- 
morphic to the action of the idele class group Ck on P(IEIIk). In other words, by 
choosing a set theoretic section ^ of the projection 

TT : Val(K'''') ^ S(IK) , tt{v) = v\k, (189) 

one obtains an equivariant set theoretic bijection P(IHIk) — ^ Val(IK'''') which de- 
pends though, in a crucial manner, on the choice of the base point (,{w), for each 
place w £ I](K). This dependence prevents one from transporting the algebraic 
geometric structure of X^^ onto P(IEIIk), and it also shows that the adelic space 
P(IHIk) carries only the information on the curve X^^ given in terms of a set with 
a group action. 

9.2. Fiber over a finite place of Q. Now, we turn to the global field IK = Q. A 
natural starting point for the construction of a replacement of the covering X'^^ in 
this number field case is to consider the maximal abelian extension of Q, i.e. the 
cyclotomic field Q^^^ as analogue of IK*^*^. Then, the space Valp(Q'^^'^) of extensions 
of the p-adic valuation to Q'^^'^ appears as the first candidate for the analogue of 
the fiber, over a finite place, of the abelian cover X^^ — ^ X. Thus, the first step 
is evidently that to compare Valp(Q'^^'^) with the fiber Pp{Ilq) of the fibration 
s : P(Hq) — s- S(Q) over a rational prime p G E(Q). At the level of sets with 
group actions, this process shows that Valp(Q'^^'^) is not yet the correct fiber. The 
following discussion indicates that one should consider instead the total space of a 
principal bundle, with base Valp(Q'^^'^) and structure group a connected compact 
solenoid S whose definition is given in Proposition l9.2l Then, a natural construction 
of the fiber is provided by the mapping torus Yp of the action of the Frobenius on 
the space Xp of Definition 14.31 

Proposition 9.1. Let Pp(IEIIq) be the fiber of the groupoid P(IHIq) over a non- 
archimedean, rational prime p G Eq . Then, the following results hold. 

(1) The idele class group Cq — Aq/Q* acts transitively on Pp(IEIIq). The isotropy 
group of any element o/Pp (Hq) is the cocompact subgroup Wp = Q* C Cq of classes 
of ideles (ju) such that jv = \,^v ^ p. 

(2) Under the class field theory isomorphism 

GaKQ'^y'^ : Q) ~ Cq/I?q , = connected component of I, (190) 
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Cq acts transitively on Valp(Q'^^'^) and the isotropy group of any element o/Valp(Q'^'"^) 
is 

/p = X X c Z* X = Cq. (191) 

H C Gp = Yie^ip ^1 ^'^^ closed subgroup p^ C Gp generated by p in Gp = Ilf^^p ■ 

Proof. (1) follows from Theorem 7.10 of [13]. (2) follows from Lemma D 

Notice that if K is a function field and u is a valuation of W^"" extending the 
valuation w of K, any g £ C Ga^K'^^ : K) such that g{v) — v, belongs to the 
local Weil group Wf^*^ C W^^. This is due to the fact that the restriction of g to an 
automorphism of is an integral power of the Frobenius. 

When K = Q. the isotropy group of the valuation v is instead larger than the local 
Weil group Wp. The difference is determined by the presence of the quotient Ip/Wp 
of the isotropy group Ip by the local Weil group Wp = Q* = Z* x (p)^. Here, p is 
represented by the idele all of whose components are 1 except at the place p where 
it is equal to p~^. By multiplying with the principal idele p, one gets the same 
class as the element of Z* x which is equal to p everywhere except at the place 
p where it is equal to 1. Thus, its image in Gp = Ylg^p Z| is p. The quotient group 

Ip/Wp ^{H X R*+)/{pf ~ (Z X M)/Z 5 (192) 

is a compact connected solenoid which is described in the following Proposition 
19.21 The presence of the connected piece S is due to the fact that the connected 
component of the identity in the idele class group acts trivially, at the Galois level, 

on Q'^y^ 

Proposition 9.2. The group S is compact and connected and is canonically iso- 
morphic to the projective limit of the compact groups R/nZ, under divisibility of 
the labels n. 

Proof. We consider first the factor 

Sn = ((Z/nZ) X M)/Z 

of the projective limit 5, where Z acts diagonally, i.e. by the element (1,1), on 
(Z/nZ) X R. One has a natural map Pn ■ 5„ — > R/nZ given by 

Pni.j, s) = s — j , Vs e R, j e Z/nZ, 

where one views Z/nZ as a subgroup of R/riZ. The map p„ is an isomorphism of 
groups. When n divides m, the subgroup mZ C Z is contained in nZ, C Z and this 
inclusion corresponds to the projection Z/mZ — > Z/nZ. Under the isomorphisms 
Pm this corresponds to the projection R/mZ — > R/nZ. Thus the projective system 
defining S is isomorphic to the projective system of the projections R/mZ R/rtZ 
and the projective limits are isomorphic. □ 

Next, we describe a general construction of mapping torus which yields, when 
applied to the groups 

X^Gp, Z^Gp/p^, (193) 
the fiber Pp{Mq) of the groupoid -P(Hq) over a finite, rational prime p £ S(Q). 
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Proposition 9.3. Let Gp ~ Yli^p'^i group of automorphisms of the multi- 

plicative group ii^P") of roots of unity in Q'^^'^ of order prime to p and let fp G Gp be 
the element ^ i— . Let Gp act freely and transitively on a compact space X . Let 
Y be the quotient space 

r=(Xx (0,l))/a^ (194) 
where acts on the product X x (0, 1) as follows 

a{x, p) = ifpx, ff) ,yxeX,pe (0, 1). (195) 
Then, the following results hold. 

(1) The space Y is compact and is an S -principal bundle over the quotient Z of X 
by fp C Gp, where S is the solenoid group of Provosition 

(2) Let X and Z he as in (|193p . then Y is canonically isomorphic to the fiber 
^p(Hq). 

Proof. (1) We first look at the action of Z on tlie open interval (0,1) given by 
p 1-^ pP. We consider the map : (0, 1) — > K given by 

V'(p) = log(-log(p)), Vpe (0,1). (196) 

One has 

iP{pP) = log(- \og{pP)) = log(-plog(p)) = log(- log(p)) + log(p) = '(/'(/o) + log(p) 

which shows that the action of Z on (0,1) given by p H> p'' is isomorphic to the 
action of Z on R given by translation by log(p). 

By construction Gp = Yie^p ^1 ^ compact, totally disconnected group. Next, 
we show that the map which associates to n € Z the element £ Gp extends 

to a bijection of Z with the closed subgroup of Gp generated by fp. In fact, the 
isomorphism follows from the isomorphism between Gp and Gal(Fp : Fp), with fp 
being the Frobenius. The result follows by applying e.g. [S] (Chapitre V, Appendice 
II, Exercice 5). This gives a natural inclusion Z C Gp, /p , as a closed subgroup. 
We now consider the action of the product group Z x M^^j, on X x (0, 1) given by 

(a,A).(x-,p) = (/;x-,/). (197) 

By construction the element (l,p) G Z x M!i_ acts as a [cf. (|195p ). The quotient 
group 

(ZxM;)/s^, s = (1,p) (198) 

is isomorphic to the solenoid S, by using the isomorphism of the group R*^ with R 
given by the logarithm in base p. To sec that y is a principal bundle over S one 
uses the map of (|196|) to check that S acts freely on Y . The quotient of Y by 
the action of S is the quotient of X by the action of Z. 

(2) The fiber Pp{M.q) has a canonical base point given by the idempotent u € 
Pp(IHIq),m^ = u. Hence by applying Proposition 19. 1[ this fiber is canonically iso- 
morphic to the quotient Gq/Wp. By identifying Cq with Z* x M.*^, this quotient 
coincides with the quotient of Gp x by the powers of the element {p, p) G GpX R.*^ . 
Under the bijection p^ — ^og{p) from (0, 1) to R!j., one obtains the same action as 
in (|195p and hence the desired isomorphism. □ 
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In order to obtain the analogue, for the global field K = Q, of the fiber of the 
algebraic curve X^'° , we should apply the construction of Proposition 19.31 to a 
compact space Xp so that the following requirements are satisfied 

(1) Gp acts freely and transitively on Xp 

(2) The quotient of Xp by fp is canonically isomorphic to Valp(Q'^^'^). 

Proposition 18.141 provides a natural candidate for Xp. Moreover, equation (|18ip 
shows that one can equivalently describe Xp as the space Hom(Q'^y'^'P, Cp) and that 
the canonical identification of Xp/ f'^ with Valp(Q'^^'^) is given by the restriction 
map to the fixed points of Fr as in (|182p . We derive the definition of the following 
model for the fiber Yp over a finite prime p 

Yp = (Hom(Q^y^-P, Cp) X (0, 1)) j . (199) 

9.3. Fiber over the archimedean place of Q. We move now to the discussion 
of the analogues of the spaces Valp(Q'^^'^), Xp and 1^, when -p is the archimedean 
prime p = oo {i.e. the archimedean valuation). The space Valoo(Q'^'^'^) is the space 
of multiplicative norms on Q'^y^ whose restriction to Q is the usual absolute value. 
For V £ Valoo(Q'^'"^), the field completion {Q'^^'^)v is isomorphic to C, thus one 
derives 

Valoo(Q^^^) = Hom(Q=>'^ C)/{±1} (200) 

where {±1} C Z* = Gal(Q'^''^ : Q) corresponds to complex conjugation. It follows 
that for p = oo the space Xp is simply 

Xoo = Hom(Q'=y^C). (201) 

On the other hand, the fiber Poo(IHIq) is the quotient Cq/Woo, where IVtxj = K* is 
the cocompact subgroup of Cq given by classes of ideles, whose components are all 
1 except at the archimedean place. Then, we derive that 

Poo(Hq) = Z7{±1}. (202) 

This discussion shows that at p = oo there is no need for a mapping torus, and that 
the expected fiber is simply given by 

Yoo = Valoo(Q=^^) = Hom(Q^y^C)/{±l} = X^/{±1}. (203) 

9.4. Ambient noncommutative space. The model (|199[) for the fiber over a 
rational prime p is only a preliminary step toward the global construction of the 
"curve" which we expect to replace, when K = Q, the geometric cover X^^. In 
fact, one still needs to suitably combine these models into a noncommutative space 
to account for the presence of transversality factors in the explicit formulas. We 
explain why in some details below. 

In [llj we showed how to determine the counting function N(q) (a distribution on 
[l,oo)) which replaces, for IK = Q, the classical Weil counting function for a field 
K of functions of an algebraic curve Y over Fp ( cf. [271 ES] ) . The Weil counting 
function determines the number of rational points on the curve Y defined over field 
extensions ¥q of Fp 

#y(F,) = 7V(g) = g-^a'- + l, q^p-. 
a 

The numbers a's are the complex roots of the characteristic polynomial of the 
Frobenius endomorphism acting on the etale cohomology H^{Y(S)¥p, Qi), for i ^ p. 

51 



In [TT] we have shown that the distribution N{q) associated to the (complete) 
Riemann zeta function is described by the similar formula 

d / ■s-^ uP+^ \ 
iV(w) = w - — oi'dcr(p) + 1. (204) 

where Z is the set of non trivial zeros of the Riemann zeta function. This distri- 
bution is positive on (l,oo) and fulfills all the expected properties of a counting 
function. In particular, it takes the correct value A^(l) = —00 in agreement with 
the (expected) value of the Euler characteristic. In [T3] we pushed these ideas fur- 
ther and we explained how to implement the trace formula understanding of the 
explicit formulas in number-theory, to express the distribution N{q) as an inter- 
section number involving the scaling action of the idele class group on the adele 
class space. This development involves a Lefschetz formula whose geometric side 
corresponds to the following expression of the counting distribution N(u) 

N{u) = —ip{u) + k{u), (f{u) = ^nA(n). (205) 

n< ii 

Here, A(n) is the von-Mangoldt function taking the value logp at prime powers 
and zero otherwise and k{u) is the distribution defined, for any test function /, as 

^{u)fiu)d*u^ r ^^-I^^^p^d*u + cf{l), c=i(log7r + 7) (206) 

where 7 = — r'(l) is the Euler constant. The distribution k{u) is positive on (1, 00) 
and in this domain it is equal to the function k{u) = Ji_i ■ The contribution 
in the counting distribution N{u) coming from the term -^Lp{u) in (|205p can be 
understood geometrically as arising from a counting process performed on the fibers 
Yp (each of them accounting for the delta functions located on the powers of p). 
The value log(p) coming from the von-Mangoldt function A{n) corresponds to the 
length of the orbit in the mapping torus (cf. [14], §2.2). On the other hand, as 
explained in |14j . the contribution of the archimedean place cannot be understood 
in a naive manner as a simple counting process of points and its expression involves 
a transversality factor measuring the transversality of the action of the idele class 
group with respect to periodic orbits. This shows that the periodic orbits cannot 
be considered in isolation and must be thought as (suitably) embedded in the 
ambient adele class space. This development supplies a precious hint toward the 
final construction of the "curve" and shows that the role of ergodic theory and 
noncommutative geometry is indispensable. 

9.5. The BC-system over Z and Fioc (K)Fi Z. Next, we shall explain how the 
BC-system over Z gives, for each p, a natural embedding of the fiber Yp {cf. (|203|) ) 
into a noncommutative space constructed using the set £{Cp) of the Cp-rational 
points of the affine group scheme £ which describes the abclian part of the system 
(cf. |15|V Since the fields Cp are abstractly pairwise isomorphic the obtained spaces 
are also abstractly isomorphic, but in a non canonical manner. In jl5j . following 
a proposal of C. Soule for the meaning of the ring Fi^ (gjpj Z, we noted that the 
inductive limit 

Fioc ig)F^ Z := Im^Fi. (g)Fi Z = Z[Q/Z] (207) 

n 
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coincides with the abehan part of the algebra defining the integral BC-system. The 
description given in that paper of the BC-systeni as an affine pro-group scheme £ 
over Z together with the dynamic of the action of a semigroup of endomorphisms, 
allows one to consider its rational points over any ring A 

£{A) = Honi(Z[Q/Z], A) . (208) 

Then, one can implement, for each rational prime p, the canonical inclusion 

Xp = Hom(Q'=>'"'P, Cp) C Hom(Z[Q/Z], Cp) ^ £{Cp) . (209) 

The next result shows that the space 

X{Cp) -.^ (f (Cp) X (0, oo)) /(N X {±1}) (210) 

matches, for any p including p = oo, the definition of the adele class space Hq. The 
action of m = ±n (in the semigroup N x {±1}) is the product of the linearization 
of the action e(7) i— >■ 6(7717) on the (Cp-rational points of the) scheme £, with the 
action on (0, 00) given by the map x x™. 

Proposition 9.4. (1) The space X(C) is canonically isomorphic to the adele class 
space Mq. 

(2) The subspace of the adele class space made by classes whose archimedean com- 
ponent vanishes corresponds to the quotient 

£(C)/(Nx{±l}) = Z/(Nx{±l}). (211) 

Proof. (1) The space £{C) is the space of complex characters of the abelian group 
Q/Z and is canonically isomorphic to Z. We use the map p 1-^ — log(p) to map 
the interval (0,oo) to R. Under this map the transformation x i— > x™ becomes the 
multiplication by m. The action 6(7) 6(7717) on. the scheme £ corresponds to 
the multiplication by 777, in Z. Since any adele class is equivalent to an element of 
Z x R, (|2T0l) gives, for p 00 

X(C) (z X m) /(N X {±1}) = Aq/Q* = Hq. (212) 
(2) follows from the identification (|212|) . □ 
Note that by using the inclusion (0, 1) C (0,oo), one derives a natural inclusion 
Fp = (Hom(Q^y^^P, Cp) X (0, 1)) /a^ ^ (£(Cp) x (0, c»)) /(N x {±1}) = X(Cp). 
For p = OD one has the natural inclusion 

Foo =Hom(Q'=y^C)/{±l}^ {£{€) x (0,oo)) /(N x {±1})^X{C) (213) 

which is obtained by using the canonical inclusion (|209|) for p = 00 and the fixed 
point 1 G (0, cx)). 

The group ring Z[Q/Z] is a Hopf algebra for the coproduct 

A(6(7)) = 6(7) (g) 6(7) , V7 e Q/Z (214) 
and the antipode 6(7) M- 6(^7), thus £ is a group scheme. 
Proposition 9.5. Let A be a commutative ring. 

(1) The abelian group £{A) is torsion free. 

(2) The space 

X{A) = {£{A) X (0, 00)) /(N X {±1}) (215) 
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is a module over the hyperring Hq. 

(3) For any rational prime p, X(Cp) is a free module of rank one over Hq. 
Proof. (1) One has 

£{A) = Hom(Z[Q/Z], A) =Hom(Q/Z,A^) 

where the second Horn is taken in the category of abehan groups. Since the group 
Q/Z is divisible the group Honi(Q/Z,_ff) has no torsion, for any abehan group H. 

(2) We first show that X{A) is a hypergroup and in fact a vector space over the 
Krasner hyperfield K = {0,1} (c/. [I3j). The two abehan groups £{A) and (0,oo) 
are both torsion free, thus one gets 

{£{A) X (0, oo)) /(N X {±1}) = {{£{A) x (0, oo)) ®^ Q) /Q^ (216) 

which is a projective space, hence a vector space over K (c/. [T3|)- Next we show that 
X{A) is a module over Hq. We use the canonical ring isomorphism Z = Endz(Q/Z) 
to define the following ring homomorphism from Z to the ring Endz(f (^)) 

: Z ^ Endz(£(A)) , CA(a)C = C o a , G Hom(Q/Z, ). (217) 

The map 

p : R ^ Endz(M;), p{\)x = (218) 

is a ring homomorphism, thus c^i x p defines a ring homomorphism from Z x M to 
the endomorphisms of the abelian group £{A) x (0,cx)). For any m G Z C Z x R, 
one has 

{CA X p)(m)((e(7), x)) = (e(m7), x™), (219) 
thus the restriction of ca x P to the monoid of non-zero elements of Z gives the 
equivalence relation which defines X{A) as in (|215p . It follows an action of the 
hyperring 

((Z X K) ®z q) ^ Aq/Q>< = Hq 
on the hypergroup (|216[) . 

(3) It is easy to see that, once one fixes an embedding p : Q'^^'^ — > Cp and an 
X € (0,00) and a real number x 7^ 1, the element {p,x) G X(Cp) is a generator of 
X{Cp) as a free module over Hq. □ 

The next result displays some interesting arithmetic-geometric properties of the 
scheme £. 

Proposition 9.6. (1) Let C Cp be the maximal abelian extension o/Qp. Then 
the natural map £{Q^) — > £(Cp) is a bijection of sets. 

(2) Let Qp'' C Qp^ be the maximal unramified extension of Qp and Z" C the 
valuation ring of the p-adic valuation. Then the natural map £{11™) — >■ £(Qp') is 
a bijection of sets. 

(3) Let e : 1™ — > Fp be the residue homomorphism. Then the associated map 
£{1™) f (Fp) is a bijection. 

(4) The Hq -module 

X{¥p) ~ X{Z™) ~ X{%') c X(Qf ) ~ X(Cp) 

is described as 

X{Vp) = PpX(Cp) (220) 
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where pp E Spec (Hq) is the prime ideal of adele classes whose p-component van- 
ishes. 

Proof. (1) Let p G £{Cp) = Hom(Z[Q/Z], Cp). Then the image of p is contained in 
the subfield of Cp generated over Q by roots of unity, which is contained in Q^. 

(2) Let p € f (Q^O = Hom(Z[Q/Z], Q^^). Then the image of p is contained in the 
subring of Qp'^ generated over Z by roots of unity (of order prime to p) which is 
contained in Zp''. 

(3) Let p e £{'Z'^') = Hom(Z[Q/Z],Z^'). Then p is entirely characterized by the 
group homomorphism 

p : Q/Z^G 

where G is the group of roots of unity in Z^' , which is non canonically isomorphic 
to the group ^'p' of abstract roots of unity of order prime to p. Similarly an 
element of £{¥p) ~ Hom(Z[Q/Z], Fp) is entirely characterized by the associated 
group homomorphism from Q/Z to F*. Since the residue morphism e gives an 

isomorphism G ^ F* one obtains the conclusion. 

(4) One has Z = Hom(Q/Z, Q/Z). Let, as above, (Q/Z)(p) C Q/Z be the subgroup 
of elements of denominator prime to p. Then the subset Hom(Q/Z, (Q/Z)(p)) C 
Hom(Q/Z,Q/Z) is given by 

{{ai)el[Z( = Z\ ap = 0} 

which corresponds to the prime, principal ideal pp of the hyperring structure Hq 
inherent to the adele class space (c/. [13] )■ D 



10. The standard model of Fj, and the BC-system 

As shown in section [51 the space Valp(Q'^^'^) is intimately related to the space of 
sequences of irreducible polynomials Pn{T) G Fp[r], n e N, fulfilling the basic 
conditions of the Conway polynomials ( cf. Theorem 18. 7p and hence to the explicit 
construction of an algebraic closure of Fp . The normalization condition using the 
lexicographic ordering just specifies a particular element Vc of Valp(Q'^^'^). Since the 
explicit computation of the sequence Pn{T) G Fp[T], n € N, associated to Vc has 
been proven to be completely untractablc, B. de Smit and H. Lenstra have recently 
devised a more efficient construction of Fp {cf. [H]). Our goal in this section is 
to make explicit the relation between their construction, the BC-system and the 
sought for "curve". 

When ]K is a global field of positive characteristic i.e. the function field of an alge- 
braic curve over a finite field ¥g, the intermediate extension K C F, igjp^ K C K**^ 
plays an important geometric role since it corresponds to working over an alge- 
braically closed field. For K = Q, it is therefore natural to ask for an intermediate 
extension Q C L C Q'^^'^ playing a similar role. One feature of the former extension 
is that the residue fields are algebraically closed. 

In their construction, de Smit and Lenstra use the intermediate extension Q C 
Qa"^' C Q'^^'^ which comes very close to fulfill the expected properties. For each 
prime £, let us denote by C Z^ the torsion subgroup. For £ ~ 2 one has 
A2 = {±1}, while for ^ ^ 2 one gets Ag = t(F^), where t : ^ Z<; is the 
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Teichmiiller lift. The product 

A:=l[AeCll[Z*, (221) 

e I 

is a compact group, and a subgroup of the Galois group Z* = Ga^Q'^^'^ : Q). By 
Galois theory, one can thus associate to A a (fixed) field extension 

L = Q^^"' C Q"^". (222) 

Notice that one derives a subsystem of the BC-system given by the fixed points of 
the action of A. At the rational level and by implementing the cyclotomic ideal J 
of Definition 18. 1[ one obtains the exact sequence of algebras 

^ J n Q[Q/Z]^ ^ Q[Q/Z]^ A Q^'^' ^ (223) 

The image of the restriction to Z[Q/Z]^ of the homomorphism q is contained in 
the integers of Q^'^' and one has 

Gal(Q2"':Q)-^7A:i;n^f*/^^- (^^^^ 

The space Valp(Q'^'^^) is the total space of a principal bundle whose base is the 
space Valp(Q^'^') of valuations on Q^'^' extending the p-adic valuation. The group 
of the principal bundle is the quotient of A by its intersection Ap with the isotropy 
group of elements of Valp(Q'^>"=). The projection Valp(Q'=y'=) Valp(Q^^'=') is given 
by restriction of valuations from Q'^^'^ to Q^'^'. For w € Valp(Q^'^'), the isotropy 
group lip of w for the action of Gal(Q^'^' : Q) is the image of the isotropy group 
of V in Gal(Q'^y'^ : Q) for any extension v of w to '^^'^ . It follows from Lemma |8^ 
that the isotropy subgroup of ?j is Z* x c Z* x Gp, thus one gets 

np^z;/Apxif, J^cYlzyAi. (225) 

Lemma 10.1. For each prime £ the group Z|/Af is canonically isomorphic to the 
additive group Z^. Moreover, for each prime p ^ I the closed subgroup o/Z|/A^ 
generated by p is open and of finite index g^^P'^^ where 

W2(p2-l)-3, for £^2. ^ ^ 

Proof. For each prime £ there is a canonical isomorphism of groups 

Z*g^AexZe, x ^ {uj{x),ie{x)) (227) 

where the group Z^ is viewed as an additive group. For £ odd, uj{x) is the unique 
£ — I root of unity which is congruent to x modulo £ and it{x), as in p45p . is the 
ratio log^ a;/ log^(l + £). For £ = 2, uj{x) = ±1 is congruent to x modulo 4 and 
^2{x) = log2 x/ log2(l + 4). The first statement thus follows. The second statement 
follows since one has 

vei'ieip)) = u{p,£) 

and the closed subgroup of generated by ie{p) is t'^P-^^Zi. □ 
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Under the isomorphisms 

GamZ' : Q) - n ~ J] - ^ (^28) 

e e 

one gets, by the Chinese remainder theorem, that 

Hp ~ Zp X Jl C Z . (229) 

Notice the independence of the places £ in the above formula which makes the group 
Hp a cartesian product and allows one to express Valp(Q^'^') as an infinite product 
of finite sets. 

To label concretely these finite sets consider, for each prime £ the Z^-cxtension 
M^{£) of Q. One has Moc{£) = UfeBfe(£)) where, for k e N, the finite extension 
Mki£) of Q is associated to £^'' e Q/Z viewed as a character of Z ~ Ga^Q^'^' : Q). 
For £ odd, Mk{£) is the fixed subfield for the action of on the extension of Q 
generated by a primitive root of unity of order £''~^^. For £ = 2 one uses a primitive 
root of unity of order 2'^+^. We denote by M{£,p) = B„(p£)(£): this is a cyclic 
extension of Q of degree £'"(J'>^) . The Artin reciprocity law shows that, for p a prime 
p £, the reduction modulo p of the integers of M{£,p), decomposes as a product 
of ^"(P-^) copies of Fp, parameterized by the set Valp(B(£,p)) of extensions of the 
p-adic valuation to M{£,p), which is a finite set of cardinality 

The following result is a consequence of the construction of the "standard model" 
of de Smit and Lenstra for the algebraic closure of a finite field 

Theorem 10.2. Let p be a rational prime. 

(1) For £ ^ p a prime, the restriction map Valp(Btx3(^)) — >■ Valp(B(£,p)) is bijective. 

(2) The restriction maps from Q^'^' to M^o {£) give a bisection 

Valp(Q^^^') = Jl Valp(Boo(£)). (230) 

(3) The restriction of v E Valp(Q^'^') to Q^'^'^ is unramified and the residue field 
is isomorphic to 

U Fp. C Fp (231) 

riG/(p) 

where I{p) C N denotes the subset of positive integers which are prime to p. 

Proof. (1) It is enough to show that the image of the isotropy group Z* x C 
Z* X Gp of Lcmma[S21 maps surjectivcly onto the Galois group Gal(Boo {£) ■ V>{£, p)). 
This follows from Lemma [10. II 

(2) The restriction maps determine an equivariant map 

Valp(Q^^=') -> Yl Valp(Boo(^)) (232) 
e^p 

for the action of the Galois group Ga^Q^^"' : Q). By ((2281) and ((229)) . the isotropy 
groups are the same so that the map (|232[) is bijective. 

(3) By extending v to an element of Valp(Q'^y'^) one gets that the restriction to 
Qcyc,p hence to Q^'^''' is unramified. Moreover the residue field is determined 
by the topology on the closure set of the action of the Frobenius, i.e. on Hf^^p^^- 
The result follows. □ 
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Next, we shall explain the link with the notations used by de Smit and Lenstra and 
their construction. First, we recall that the additive group Q/Z is the direct sum 
of its ^-torsion components 

Hi^{ae Q/Z I 3n Ta = 0} ~ Qe/Zi. (233) 

Thus the group ring Z[(IJ/Z] can be written as a tensor product 

£ prime 

The natural action of Z* on Z[Q/Z] by automorphisms of the group Q/Z factorizes 
in the individual actions of Z| = Aut(He). 

One lets Ae be the ring Z[Xo, Xi, . . .] modulo the ideal generated by 

Y^X^, Xi^,~Xk, Vfc> 0. (235) 

3=0 

Thus one has Xq = 1 in and X^j^^-^ = X^ for all k > 0. The algebra of de 
Smit and Lenstra is defined as Be = Af'^ . The next lemma shows that the algebra 
Be is intimately related to the fixed point algebra Z[iJ^]^*. 

Lemma 10.3. One has 

Be ~ (Z[ff,]/J)^* (236) 
where J is the ideal generated by the relations '^e-y=o^('y) ^ ^[He]- 

Proof. It follows from the relations (|235|) that Xl''^^ = 1 for all k. Moreover, the 
map 0{e{£~'')) = Xk-i extends to a surjective homomorphism Z[i7£] — > Ae with 
kernel J, one thus gets l|236p . □ 

One has the trace map 

E : ~> Be, S(a;) = ^ a{x) (237) 

and natural ring homomorphisms Be — > E{£). De Smit and Lenstra (c/. [18j) lift the 
natural generator of Ek{i) as an extension of Ek-i{i), and the Galois conjugates 
under Gal(-E'fc(^) : Ek-i{i)) as the following elements of Be 

r,e,k,^ = ne{J^ + J)), t^O,...£-l. (238) 

When £ = 2, one has simply A2 — {±1} C Z2 and in this case the above list of 
elements reduces to 

V2,k = S(e(^)). (239) 

The two authors show that the prime ideals p of Be which contain p, are uniquely 
specified by a finite system of elements a{p,j) S Fp, < j < £u{p,£). More 
precisely, p is generated by p and by the rie^k+i,i — a(p,i + k£) for < fc < u{p,£) 
and <i < £. 

To complete the dictionary with the notations of de Smit and Lenstra, we leave to 
the reader as an exercise to show that 

• The prime ideals p of Be which contain p correspond to the valuations Valp(]Boo {£))■ 

• The subfield Qp n Bcx,(^) C Moo{£)v is equal to M{£,p). 
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• The system of elements a{\),j) G Fp corresponds, as in Proposition 18. 13[ to the 
residue of the inclusion 7„ : M{£,p) — )• Qp, defined as in ProDOsition l8.12l 

Theorem 110.21 does not yield the full algebraic closure of Fp but only the subfield 

U ¥pn c Fp. (240) 

ne/(p) 

Thus it remains to understand how to produce naturally the missing part 

|jFpp"CFp (241) 

n 

in such a way that the tensor product over Fp yields Fp. 

De Smit and Lenstra construction of Fpp^ = In^^ Fpp" is performed using the 
following Artin-Schreier equations 

yP-yo = l, yP^^-y„+, + -^=0,yn> (242) 

Vn + t 

which have the advantage of simplicity. E. Witt gave in [S^ a conceptual construc- 
tion of Fpp°o based on the Witt functor Wpoc and its finite truncations Wpn . The 
addition of two Witt vectors x — (xj) and y = (yj) is a vector whose components 
Sj{x, y) were proven by Witt to be polynomials with integer coefficients. Note also 
that for p ^ 2 the Witt components of —x (the additive inverse of x) are simply 
—Xj, but this result does not hold for p = 2. Recall also that in terms of the Witt 
vectors, the Frobenius F is given in characteristic p, by {F{x))j = a;^ , Vj. 
From [3H], one derives the following result 

Theorem 10.4. Let n e N. Let Rn ~ Fp[a;o, xi, . . . , Xn-i] be the ring of polynomi- 
als in n variables and Jn C Rn the ideal generated by the components of the Witt 
vector F{x) — x — 1, where x e Wpn-i(i?) is the Witt vector with components Xj. 
Then Jn is a prime ideal and the quotient field of the integral ring Rn/ Jn defines 
the field extension En — Fpp" . 

As an extension of En-i, En is given by an Artin-Schreier equation of the form 

X'P = X + a, aeEn-i. (243) 

One derives, for instance, that the first extensions for p ~ 2 are given by the 
equations with coefficients in F2 

xl = 1 + a;o 

xf = Xo + Xl 

x\ = + Xq + XqXi + X2 

xl = Xq + Xq + X^ + xl + X^Xi + X^Xi + XqXi + Xf)x\ + X0X2 + xlx2 + X0X1X2 + X3 

For p = 3 one gets the following ec^uations with coefficients in F3 

xl = I + Xq 

xl ~ 2xo + 2x1 + ^1 

X2 = 2xo + 2xq + 2xq + 2xq + 2xq + 2xq + 2a:;oa:;i + x^xi + 2xqXi + xqx\ + x1x\ + X2 

In this way one obtains a completely canonical construction of the field Fpp°o by 
simply writing the equation F{X) = X + 1 in the ring of Witt vectors Wpoo. 
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